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The time-varying Lyapunov equation is an important problem that has been extensively employed in the
engineering field and the Zeroing Neural Network (ZNN) is a powerful tool for solving such problem.
However, unpredictable noises can potentially harm ZNN's accuracy in practical situations. Thus, the
comprehensive performance of the ZNN model requires both fast convergence rate and strong robust-
ness, which are not easy to accomplish. In this paper, based on a new neural dynamic, a novel Noise-
Tolerance Finite-time convergent ZNN (NTFZNN) model for solving the time-varying Lyapunov equations
has been proposed. The NTFZNN model simultaneously converges in finite time and have stable residual
error even under unbounded time-varying noises. Furthermore, the Simplified Finite-te convergent
Activation Function (SFAF) with simpler structure is used in the NTFZNN model to reduce model com-
plexity while retaining finite convergence time. Theoretical proofs and numerical simulations are pro-
vided in this paper to substantiate the NTFZNN model’s convergence and robustness performances,
which are better than performances of the ordinary ZNN model and the Noise-Tolerance ZNN (NTZNN)
model. Finally, simulation experiment of using the NTFZNN model to control a wheeled robot manipula-

tor under perturbation validates the superior applicability of the NTFZNN model.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

The Lyapunov equation plays a crucial part in many scientific
and engineering fields. For instance, it can be applied in communi-
cation [1], control theory [2,3] and automatic control [4,5]. Fur-
thermore, Lyapunov equation is indispensable in the domain of
optimal control. Thus, the solution of Lyapunov equation has
earned a large amount of efforts on account of its extensive appli-
cations. For solving Lyapunov equation, approaches that have the
longest history should be traditional numerical algorithms. In [6],
an iterative algorithm was proposed to tackle Lyapunov equation
with Markov jump. Other types of numerical algorithms for Lya-
punov equation have also been investigated. [7] proposed an iter-
ative algorithm based on the gradient to solve this problem, while
[8] presented a method based on minimal residual error. However,
the minimum time complexity of these numerical algorithms is
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about the cube of dimensions of input matrix. Thus, solving large
scale Lyapunov equations using these numerical algorithms
becomes a time consuming task. The large time cost of numerical
algorithms has considerably limited their application ranges, espe-
cially for online Lyapunov equation problem.

Nowadays, we can accelerate many algorithms by taking advan-
tage of hardware or software level parallelism, but this approach is
hard for above mentioned numerical algorithms because of their
serial processing nature. Therefore, Artificial Neural Networks
(ANNs) including the Recurrent Neural Networks (RNNs) as other
types of approaches, have been found efficient in solving various
numerical computation, optimization and robot control problems
[9-13] due to their parallel and distributed computing properties.
Gradient-based Neural Network (GNN) is a variation of RNN and
was investigated for the online stationary Lyapunov equation
[14-17]. GNN uses the norm of error matrix as its performance
index and the neural network will evolve along the gradient-
descent direction until its performance index converges to zero.
GNN performs well in stationary Lyapunov equation problems,
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but it suffers from large residual error on solving time-varying Lya-
punov equations and such error exists even after infinite time of
evolving, which promotes researchers to overcome this drawback
by discovering new neural network models.

Under such background, Zeroing Neural Network (ZNN) as a
special type of RNN was proposed and utilized in Refs. [18-21].
This kind of RNN model utilizes the velocity information of time-
varying coefficients and uses the error matrix instead of its norm
as performance index, successfully surpassing GNN model on solv-
ing both stationary and nonstationary Lyapunov equations. Never-
theless, the ordinary ZNN model is far from being perfect because it
uses linear function as activation function and can only converge to
the solution exponentially. That is, its error cannot converge to
zero in finite time. Recently, many research works about speeding
up the convergence speed of ANNs are springing up [22-24].
Therefore, to improve the convergence speed of the ordinary ZNN
model, a finite-time convergent ZNN model which exploited the
Sign-Bi-Power (SBP) activation function is presented in Ref. [25].
Another practical problem is that ZNN usually works in an environ-
ment that exists various noise and this can potentially decrease the
accuracy of the neural network, but the general ZNN design for-
mula didn’t take this factor into account. Thus, [26-28] designed
a Noise-Tolerance ZNN (NTZNN) model to enhance ZNN model’s
robustness against additive noise. However, NTZNN’s activation
function is linear function and cannot be changed, so that it cannot
converge in finite time. In this paper, we present a Noise-Tolerance
Finite-time convergent ZNN (NTFZNN) model for the time-varying
Lyapunov equation problem following the motivation that both
finite-time convergence and noise suppression ability are highly
demanded in ZNN applications [29]. The NTFZNN model not only
converges to the accurate solution of time-varying Lyapunov equa-
tion in finite time in noise-free environments, but also have less
stable residual error than the NTZNN model within additive noise
polluted environment.

The main contributions of this paper are summarized as below:

1) A novel NTFZNN model is developed for solving time-
varying Lyapunov equation problem, which possesses
finite-time convergence and powerful additive noise sup-
pression ability at the same time.

2) Using the SFAF (Simplified Finite-time convergent Activation
Function), the NTFZNNspar (NTFZNN using SFAF) model is
proposed, which has simpler structure and lower calculation
complexity than the NTFZNNsgp (NTFZNN using SBP) model
but still being finite-time convergent.

3) The convergence time upper bound and stable residual error
upper bound of the NTFZNN model have both been quantita-
tively analyzed and then validated by simulation experi-
ments. Besides, in the robustness analysis, the more
practical time-varying unknown noises are investigated
rather than the usual constant or limited known noises.

The rest of this paper is organized into 6 sections. In Section 2,
the problem description and some preliminaries of the time-
varying Lyapunov equation are provided for the following discus-
sion and analyses. In Section 3, the NTFZNN model is designed
for solving the time-varying Lyapunov equation, and two finite-
time convergent activation functions have been introduced. In Sec-
tion 4, the NTFZNN model’s convergence performance in noise-free
environment and robustness performance when perturbed by
additive noises have been analyzed in detail. In Section 5, numer-
ical simulations and comparisons are presented to verify the previ-
ous theoretical conclusions. In Section 6, the NTFZNN model is
successfully applied in controlling a mobile robot manipulator to
track the desired path with additive noise perturbation, which

has further validated the NTFZNN model’s applicability and superi-
ority. Section 7 concludes this paper briefly.

2. Problem description and preliminaries

In this paper, the problem we mainly concerned about is solving
the time-varying Lyapunov equation. Let M(t) € R™" be a nonsta-
tionary coefficient matrix with Q(t) € R™" being a nonstationary
symmetric positive-definite matrix. We have following equation:

M (DX() + X(OM() = ~Q(t). (1)

Then, the above equation is widely known as the Lyapunov
equation, where X(t) € R™" is a unique time-varying matrix that
we should obtain given that M(t) and Q(t) both satisfied the unique
solution condition [17]. In the following paper, we use A(t) € R™"
to denote the precise solution of (1) for efficient expression. Under
such preliminaries, in this paper, we focus on proposing a NTFZNN
(Noise-Tolerance Finite-time convergent ZNN), which not only
makes use of the latest activation function, but also newly pro-
posed novel activation function.

Generally speaking, in the field of solving time-varying prob-
lems, zeroing neural network is a more powerful tool when com-
pared with conventional gradient-based neural network, because
it eliminates lagging errors which exist in the latter one. Further-
more, [30] shows that ordinary ZNN model can deal with
time-varying Lyapunov equation efficiently as well as converge
to accurate solution exponentially. To lay the foundation of this
paper, the design process of ordinary ZNN model for this problem
(1) can be separated into following procedures:

1) Firstly, construct a matrix type error function to evaluate the
difference between state solution of neural network and the-
oretical solution of (1):

E(t) = MT(H)X(t) + X(H)M(E) + Q(t) € R™™. (2)

2) Then, as the unique solution of (1), A(t) is clearly the zero
point of above error function. For the purpose of forcing
E(t) to converge to zero, the ZNN model uses the following
evolution formula:

dE(t)/dt = —po/ (E(t)), (3)

where  is a design parameter satisfying pt > 0, /() : R™" — R™"

denotes a mapping matrix with each of its element being the same

activation function.

3) Finally, substituting (2) into (3) leads to the following ordi-
nary ZNN model for the time-varying Lyapunov equation
problem:

M (DX (1) + X(OM(t) = *MT(f)X(t) X(OM(t)

—Q(t) — ps (M (E)X(E) (4)
FX(OM(E) +Q(1)),

where state solution X(t) will change smoothly along with the
evolution of ZNN model as time goes on. Starting from initial
value X(0) € R™" X(t) converges to the accurate solution A(t)
asymptotically. Note that, if linear activation function f(x) = x
is used, model (4) possesses exponential convergence property
[30].

The ordinary ZNN model (4) is enough for theoretical analysis.
But if we want to do simulation experiments or implement this
model, the ordinary ZNN model (4) can be transformed into follow-
ing explicit ordinary ZNN model:

Ny (DX(8) = —Ni (%(t) = Na(£) — ot (N1 (E)X(8) + Na(8), (5)
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where we define the operation A®@B=A®I+1®B with I being
identity matrix. Under such definition, other parameters in (5)
are:  Ny(t) = M(t) & MT(t) € R™™ Ny(t) = vec(Q(t)) € R” and
X(t) = vec(X(t)) € R™. Besides, the symbol ® stands for the well
known Kronecker product, whose detail information can be found
in [17,31]. Another symbol vec(-) denotes the operation that stacks
all column vectors of its input matrix into a single column vector.

Mapping matrix in (5) is resized to .Z(-): R™ — R due to

vectorization.

3. Design of noise-tolerance finite-time convergent Zeroing
Neural Network

The ordinary ZNN model introduced in Section 2 is able to han-
dle the nonstationary Lyapunov equation well in the ideal noise-
free environment. However, because continuous ZNN models are
mainly implemented in analog circuits, there are many factors that
may create noises. These factors include round-off error, circuit
implementation errors and so on, which can result in the great loss
for ZNN model (4) in accuracy. Therefore, we propose a novel
NTFZNN model with better noise suppression ability for time-
varying Lyapunov equation. To monitor the computation process
of the problem, NTFZNN uses the same error matrix as in the ordi-
nary ZNN model:

E(t) = MT(H)X(t) + X(OM(t) + Q(t) € R™™. (6)

Then, the design formula of NTFZNN becomes different from the
ordinary ZNN model (4), since it introduces an integral item into
the formula to enhance its noise tolerant ability. The NTFZNN mod-
el’s design formula is presented as below:

E(t) = —puot1 (E(t)) — Et <E(t) U /0 2 (E(r))dr), (7)

where .71 (-) : R™" — R™" and .«/5(-) : R™" — R™" represent mono-
tone increasing mapping arrays which consist of the same activa-
tion functions respectively. Theoretically speaking, .7;(-) and
=/>(+) can be chosen arbitrarily as long as they satisfy the require-
ment of being finite-time convergent. In this paper, we set them
to be the same to facilitate the following further analyses. Besides,
{>0 and ¢ > 0 are design parameters used to adjust the neural
network’s convergence speed and noise suppression ability. Now,
the NTFZNN model (7) can be expanded by substituting (6) into
(7), and then we get

MT(OX(t) + X(OM(t) = —MT(6)X(t) — X(£)M(t)
—Q(t) — pst 1 (E(t)) — &t
(E(t) 4 ft ey (E(r))dr).

The above neural dynamic is equivalent to the NTFZNN model
(7) and can also be transformed into explicit NTFZNN model simi-
lar to (5):

NUOX(E) = =Ny (OX(E) = Na(t) — st (N1 (OX(E) + N (€))

—Eo/r(N1(D)X(t) + N2 (t) (8)
i o 1 (N1 (T)X(@) + Na(D)dT ),

where N; (t), Na(t),x(t) are all defined the same as in (5).

It should be pointed out that researchers have investigated the
performance of the ordinary ZNN model under noise perturbed
environment, some methods with the internal noise-tolerance
ability have been proposed to tackle this problem [26,32]. One of
these methods is called Noise-Tolerance ZNN (NTZNN) model
[26], which is also the inspiration source of our NTFZNN model.
The NTZNN model uses following design formula:

E(0) = ~uE(t) ~ ¢ [ Eoyar, ©)

where the definition of E(t) € R™", u > 0and ¢ > 0 are the same as
in (7). NTZNN performs well in the presence of perturbation, even if
the noise is in the form of additive noise that increases linearly with
time. But since the NTZNN model lacks of activation function, which
is an important element contributing to convergence speed of the
ZNN model, it can only achieve the exponential convergence. This
motivates us to propose the NTFZNN model to realize both noise
tolerant and finite-time convergent properties on solving Lyapunov
equation.

In-depth researches about ZNN models have revealed that the
choice of activation functions plays an important role in conver-
gence performance of ZNN models including their variations. Fur-
thermore, nonlinear activation functions usually speed up the
convergence process of ZNN models. Particularly, some functions
can even realize finite-time convergence, one of them being the
well known Sign-Bi-Power (SBP) function [33], whose equation is

1 1
Vsup(€5) = 'S80 (e5) + 5 58P (ey), (10)
with p € (0,1), and the definition of sgn?(e;) is as follows:

er, ej >0,
sgnP(e;) = ¢ 0, e; =0,
—leilf, e <0,

where e; is the ijth element of error matrix E(t). Following the idea
of SBP activation function, researchers found that the SBP function
is computing intensive due to the power operation on floating point
number p, which not only increases the burden of computation but
also requires more complex structure. A novel Simplified Finite-
time convergent Activation Function (SFAF) based on the SBP func-
tion is thus proposed [34], whose definition is

Wsear(€i) = Br5g0P (&) + fey, (11)

where f; > 0 and g, > 0 are design parameters. It is clearly shown
that SFAF has simpler structure than traditional SBP function.
Besides, SFAF can accelerate theZNN model to finite-time conver-
gence with even lower upper bound of convergence time.

For concise expression, in the following paper, the NTFZNN
model using SBP and SFAF activation functions will be named as
the NTFZNNsgp model and the NTFZNNsgar model respectively.
Another thing should be pointed out is that our NTFZNN model
only uses SBP (10) and SFAF (11) as activation functions in the fol-
lowing paper in order to achieve finite-time convergence.

4. Theoretical analysis of noise-tolerance finite-time
convergent Zeroing Neural Network

In this section, we focus on proving NTFZNN to be globally
stable, computing the convergence time upper bound, and analyz-
ing inherent noise suppression ability of the NTFZNN model (7). All
of these theoretical analyses eventually illustrate the superiority of
our NTFZNN model. As it has been shown in Section 3, the NTFZNN
model formula (7) is equivalent to the formula (8) and the latter
one is mainly used in the following analyses and experiments. In
addition, the error matrix E(t) in (7) becomes the error vector
e(t) = Ny()X(t) + No(t) in (8). Therefore, the design formula of
NTFZNN model (7) can be transformed into the vector form:

é(t) = — .ot (e(t)) — Ets (e(t) o /O " (e(r))dr), (12)

where e(t) € R™ is obtained by stacking all the column vectors of
E(t) into a single column vector. In addition, due to the vectorization



82 Z. Hu et al. / Neurocomputing 418 (2020) 79-90

of (7), </1(-): R™” - R™ and Ao(v) : R"™ — R™ become vector-
valued mapping arrays with their elements being unchanged. In
addition, applying the same technique as above, the ordinary ZNN
model (3) can be transformed into the following vector-valued
form:

é(t) = —ps(e(t)), (13)

where /() : R™ — R™ becomes mapping array of vectors with the
same elements. In order to lay the foundations for the ensuing the-
oretical analyses, we have the following lemmas.

Lemma 1 [35]. Consider a system x=f(x),x€ R",f:R" - R"
which has a equilibrium point x = 0 meaning f(0) = 0. Besides, there
exists a Lyapunov candidate function V : R" — R that satisfies 1)
V(x) =0 if and only if x=0; 2) V(x) > 0 if and only if x> 0; 3)
V(x) < 0 is true for all x # 0. Then, such system is said to be globally
asymptotically stable.

Lemma 2 [36]. Given smoothly time-varying error vector e(t) € R"
in (13). If a monotonically-increasing odd mapping array .</(-) is used,
then the ordinary ZNN dynamic (13) is globally stable and its error
vector e(t) can converge to the equilibrium point e(t) = 0 starting
from a random initial state e(0).

4.1. Convergence analysis

In this section, we will prove the global asymptotic stability of
NTFZNN model (7), the convergence time upper bound of NTFZNN
model (7) on solving time-varying Lyapunov equation will also be
computed.

Theorem 1. When solving time-varying Lyapunov Eq. (1), NTFZNN
model (12) is globally stable, meaning that the state solution of
NTFZNN globally converges to the accurate solution of (1).

Proof. The design formula of NTFZNN model (12) gives every ele-
ment of e(t) the same inherent dynamics, and thus we only need to
consider the ith element. This subsystem with Vi € {1,2,3,...,n?}
can be written as:

Gi(t) = (D) — O, (e,-<t> o %(em))dr), (14)

where W, () : R — Rand ¥,(-) : R — R denote the elements of .« (-)
and .«/,(-) respectively. We define a new variable g;(t) to facilitate
the following analysis, and this variable is formulated as follows:

&i(t) = ei(t) + /l/O[ V1 (ei(1))dt. (15)
Then, the time derivative of g;(t) (15) can be easily obtained:

&i(t) = &(t) + p'¥a(ei(t)). (16)
Therefore, substituting (15) and (16) into (14), one can get fol-

lowing simplified dynamics:

gi(t) = =&V (gi(t)).

This formula is the same as the ordinary ZNN model (3), whose
properties have already been well studied. According to Lemma 2,
if the activation function ¥,(-) is odd and monotonically increas-
ing, g;(t) will converge to zero as the neural network evolves. Since
SBP (10) and SFAF (11) all satisfy the condition, NTFZNN model
about g;(t), Vi€ {1,2,...,n%} is globally stable.

Consider proving the global asymptotic stability of NTFZNN
about variable e;(t), we define an auxiliary Lyapunov function for
the ith element of e(t):

1 1
Li(t) = 5 kei (t) + 57 (1),

where k >0 is a parameter that particularly specified, and we
denote Lo = L;(0) = ke,-z(O)/Z +g2(0)/2 with €;(0) and g;(0) being
the initial value of e;(t) and g;(t) respectively. Clearly, L, is a known
value because e;(0) and g;(0) are known. It also holds true that L;(t)
is positive-definite, because L;(t) > O for any e;(t) # 0 or g;(t) # 0;
only when e;(t) = g;(t) =0 will Li(t) = 0. Then, we calculate the
derivative of L;(t) about time, and the result is as follows:

O — key(t)e(t) + gi(6)&i(t)

— kei(O[E(0) ~ 11 (@ (1) ~ EE(0)Fa (8 (1) an
= —kee(t) ¥ (& (1)) ~ kue(t) ¥ (e(0)
~cg (1) ¥alai(0)

To prove the conclusion of Theorem 1, we are going to prove
that L;(t) < 0 always holds true for t € [0, +o0). Firstly, suppose
there exists a time instant when L;(t) < Lo, therefore following
equations can be obtained:

1 1
ke (6) < Lo and 5g7(t) < Lo.
The above inequalities are equivalent to

lei(t)] < 1/2Lo/k and |g;(t)| < /2Lo.

Let V. and V, represent the domain of e;(t) and g;(t) respec-
tively, and we obtain:

Ve = {ei(t) eR, lei(t)] < \/ZLO/k},
Vg = {gi(t) €R, |g;(b)] < VZLO}-
For activation functions ¥ (-) and ¥,(-) with continuous deriva-

tive, using the classic mean-value theorem within the domain
restricted by V,, we get:

Wa(gi(t)) —¥2(0) _ 0%2(8i(9))
g&t) -0 08

Because W, (-) is an odd function, ¥, (0) = 0 holds true. Combin-

ing with the monotone increasing feature of ¥,(-), we obtain

0V, (gi(t))/0g; > 0. Therefore, (18) leads to the following
inequality:

['¥2(&i(1))] < Colgi(t)],
where Co = max{0'¥2(gi(t))/08;}g,ev, > 0 is bounded since V, is a

closed interval and that 0W¥,(g;(t))/0g; is continuous on this inter-
val. Therefore, we can obtain

lei(6)F2(&i(0)] < lei)] - [F2(8i (D))l
Colei(t)] - | (E)]-

Similar to the derivation procedure of Co,C; and C, can be
accordingly obtained by applying the mean-value method:

[W1(ei(t))] = Cqlei(t)],

P2(gi(0) = Clgi(t)],

where C; and C, are defined as
Ci = min{o'¥1(ei(t))/0€i}e,ev, > 0,
C; = min{9'¥; (&i(1))/ 98} g,wev, > 0.

Combining (17) with (19) and (20), the following inequality can
be derived:

(18)

‘gi(fi)EVg :

(19)

NN

(20)
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WO = kee(t)Pa(gi(t)) — kuei(t) 1 (ei(t))

—&gi(6)Pa(gi(1))

< kele(t)Pa(gi(0))] — kuei(t) 1 (ei(t))
—Egi()¥2(gi(1))

< keCole(t)] - [g(£)] — kuCre?(t) — ECog?(t) 21)

2

— —k(ViCie) - ;51 g0

7"(5 4”(;1)8'1 ( )

According to the above conclusion of (21), we can guarantee
Li(t) < 0 when Li(t) < Lo, provided that

©_eq

>0and k>0« 0<k< 4,uC1C2'
k  4uc CCo

Obviously we can always find k that satisfies the above condi-
tion. Thus, L;(f) <0 can be guaranteed when L;(t) < Lo. Further-
more, for starting time instant t=0, L;(0) <L, holds true
meaning L;(0) < 0. Then, we conclude that Li(t) will be kept in
[0,Lo] all the time, i.e, L;i(t) < 0, once k is set properly. Following
above process of proof, we have L;(t) <0 for any time instant
t € [0, +00).

The above analysis have proved the negative semi-definiteness
of Li(t). In addition, it follows from the inequality (21) that the
upper bound of L;(t) equals to zero only when e;(t) = g;(t) =0,
meaning L;(t) < 0 is true when e;(t) # 0 or g;(t) # 0. Therefore, L;(t)
is negative definite. According to the Lyapunov stability theory in
Lemma 1, we finally conclude that all subsystems of (12) are
globally stable. Therefore, the proof of Theorem 1 is now complete.

Before obtaining the convergence time upper bound of NTFZNN
model (7), we first come to analyze such upper bound of ordinary
ZNN model when using two finite-time activation functions SBP
(10) and SFAF (11).

Theorem 2. The error vector e(t) of the ordinary ZNN model (13) is
able to converge to zero in finite time with finite-time convergent
activation functions. When SBP (10) is used in .«/(-), the convergence
time upper bound t; is tp; < Z\QmaX(O)P"’/(,u(l —p)). When SFAF
(11) is used in </(-), the upper bound of convergence time is

1 %l O+ a

te =
2= %1 -p) %

where oy = up; > 0,00 = up, >0, and o(t) € R™ denotes the error
vector e(t). In addition, ¢,,,,(t) is one element of o(t) which has the
largest absolute initial error value, ie, |0,.(0)] =max{|g;(0),
Vie1,2,...,n%}.

Proof. Consider an auxiliary Lyapunov function candidate
u;(t) = e?(t) for the ith subsystem of (13).

1) When SBP (10) is applied in .«/(-), the proof of ZNN model
(13) about the convergence time upper bound
tr < 2|05 (0)]'™/(1(1 — p)) can be referred to [37].

2) Under the condition that the ordinary ZNN model applies
SFAF (11) in «/(-), for calculating the convergence time tp,,
we plug (11) into the g . (t) subsystem of the original
design formula (13):

\—max(

Qmax(t) = _:u(BISgnp(Qmax(t)) + ﬁZQmax(t))

= =0 Sgnp(gmax(t)) - OCZQmax(t)- (22)

Solving the above differential equation should be considered
under different conditions. First, when ¢, (0) >0, (22) leads
to the following equality:

Qmax(t) =—0 (Qmax(t))p - a2Qmax(t)»

which is equivalent to a differential equation formed by

\.max(

deﬂX —
(Qmax(t)) pT + “Z(Qmax( ))1 P + o = 0.

Defining a auxiliary function h(t) = (¢,,,.(t))' ” and substituting
it into above equation, it can be rewritten as

dh(t)

T+(1 —p)oh(t) + (1 —p)a; =0.

Solving the above differential equation, we have
o o
he) = (G + 1)) -exp((1 = ploa) ~ 5
0% 0

Clearly g,,.(t) will decrease to zero at t = t;,. Hence, we have

h(t) = (Qmax(tfz))l’p = 0. We set t = ty, in above equality, which
leads to
_ 1 %20max (0)' P4
ty =g Mo —
_ 1 %210max (0)[' P -+o1
= %ap I n :

Then, we consider the case when g, .. (0) < 0. Applying the same
method as in above analysis and we still get

1 0] Qmax (O P + o1
tp = In max .
2= (1 =p) o

Summarizing the conclusions of above two conditions, we can
conclude that the proof of Theorem 2 is complete.

From the proof of Theorem 1, we know that the NTFZNN model
(7) is built on top of the ordinary ZNN design formula (3). With
Theorem 2, the convergence time upper bound of NTFZNN model
(7) can now be analyzed.

Theorem 3. The design formula of NTFZNN model (12) is finite-time
convergent, and its convergence time upper bound is

2(p+¢)
Hé(1 _ p) |Qmax(

when using SBP (10) in </1(-) and ./,(-), where the definition of
Oumax(0) is the same as in Theorem 2. When SFAF activation function
is applied in </1(-) and </5(-), the upper bound of convergence time is

W BalOmax (O + By
t g _ ll’l max ,
SFAES 1Ep,(1—p) By

where the definition of p; and j, are the same as in (11).

0)"7,

tspp <

Proof. 1) Firstly, let us investigate the NTFZNNsgp model.
The dynamic formula of NTFZNN model (12) can be
reformulated into equation g(t) = —&.</,(g(t)), where g(t) = e(t) +
,ufo ))dt € R"™. Evidently this dynamic is identical with the
formula of the ordinary ZNN formula (13). Then according to the
conclusion of Theorem 2, g(t) should converge to zero in finite-
time t; as
tl X 5(]2 )|Qmax( )‘171]7

where Omax (0) = max{|g;(0)|} = max{|e;(0)|}, Vie {1,2,...,n%}.
After time period t;,g(t) stays at its equilibrium point, meaning
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g(t) = 0. The error vector then satisfies e(t) = —u.«/;(e(t)). Again,
this equation is the same as the ordinary ZNN model (13). It is
known that for the NTFZNN model (12), the absolute value |e;(t)|
is always decreasing until it reaches zero, thus
lei(t1)] < |ei(0)], Vie {1,2,...,n2} holds true. According to the The-
orem 2, e(t) must converge to zero in time t;:

2 1-
ty < ———10...(0)]' 7.
2 /1(1 _p) |gmax( )‘

In summary, e(t) of NTFZNNsgp eventually converges to zero
after two time periods, whose time upper bound are t; and t,
respectively. We can now conclude that the NTFZNNgsgp model for
time-varying Lyapunov equation converges in finite time tsgp:

2(u+¢) -
tsgp =t + ) < ——= 0)|'".
se=b STy 10max (0)]

The first part of Theorem 3 has been proved.

2) Considering the NTFZNNgpar model, similar to the proof of
first part of Theorem 3, its convergence process can still be split
into two stages with the aid of auxiliary function g(t) = e(t)+
,ujg </ (e(t))dt. Following Theorem 2, in first stage, we can derive
that g(t) converges to zero in finite time t3:

I B | Ol '

¢po(1-p) B
Then, in the second stage, e(t) will converge to zero in finite
time t4 as

1—
t4 < 1 lnﬁZ'Qmax(O)‘ p+ﬁ1 .
UP2(1 = p) B

Finally, we come to a conclusion that NTFZNNggar is finite-time
convergent with convergence time upper bound being

:u""é lnﬁZ'Qmax(O)‘]7p+ﬁl .
HEB (1 =) B

The proof of Theorem 3 is now complete.

ts

tspar = £3 + 14 <

4.2. Robustness analysis

In this subsection, we are going to investigate the noise sup-
pression ability of NTFZNN model (12). Consider an unknown addi-

tive noise Ay(t) € R", which is added to the vector form of the
NTFZNN model, forming the following inherent dynamics:
t
e(t) = —po/i(e(t)) — &t <e(t) + ,u/ <1 (e(r))dr) + An(t).
0
(23)

To lay the basis for the following analysis in this subsection, the
above Eq. (23) is called the dynamics of the noise polluted NTFZNN
model.

Theorem 4. If the additive noise Ay(t) is constant, then residual error

e(t) of the noise polluted NTFZNN model (23) globally converges to 0
with the neural network evolving.

Proof. Because the noise Ay(t) is constant, we denote it by Ay, and
the ith subsystem of (23) leads to

e,(t) = —,LllP] (e,(t)) — 5‘{"2 (ei(t) + ,U/Ot lP] (ei(f))dT> + 51', (24)

where ¢; is the ith element of Ay. We introduce a auxiliary function
g;(t) defined in (15). Substituting g;(t) and (16) into (24) leads to

&i(t) = —&¥a(gi()) + oi.

The following Lyapunov function candidate is designed to
investigate the stability of (24):

vi(t) = (&¥2(8i(0) - 6)*/2.

Since »;(t) > 0 and v;(t) = 0 only when g;(t) = 0, v;(t) is clearly
a positive definite function. We calculate its time derivative as

G = (EFa(gi(b) — o)L gi(t)

—E B (2 (g,(1)) - 5).

The conclusion of 0¥, (g;(t))/dg; > 0 can be easily derived from
activation functions’ odd and monotone increasing property. Thus,
¥;(t) < 0, and #;(t) = 0 if and only if £W,(g;(t)) — 6; = 0, implying
that #;(t) is negative definite. Now, we obtain that v;(t) always
converges to 0 according to Lemma 1. With »;(t) converging to
zero, EW,(g;(t)) — o converges to Zero too, i.e,
lime— s &i(t) = —EWa(gi(1) + 6; = 0.

Let us take g;(t) =é(t)+ &¥1(ei(t)) into account, since
lim;_  .g;(t) = 0, it will reduce to following equality with t — +oo:

éi(t) = —&¥1(ei(t)).

The above equality is the same as ith subsystem of the ordinary
ZNN model (13). Obviously e;(t) will converge to zero with t — +co
according to the Lemma 2.

Finally, combining the above analyses together, we come into
conclusion that NTFZNN model (12) is globally stable even facing
with unknown constant additive noise. Theorem 4 has now been
proved.

Results of Theorem 4 have shown that polluted NTFZNN model
(23) can still converge to the accurate solution even with constant
additive noises, which is excellent noise resistance ability. How-
ever, time-varying unknown additive noises are more common
than specific noise and thus we will investigate them in the follow-
ing theorem.

Theorem 5. If the unknown time-varying additive noise Ay(t) in the
disturbed NTFZNN model (23) is assumed to have continuous time
derivative and its time derivative is bounded at any time instant
t = 0. Then, the computation error |e(t)|, of the disturbed NTFZNN
model (23) converges to the interval [0,n|dmax(t)|/(uép)] when
t — +oo. Moreover, 5;(t) is the ith element of An(t) with |Smax(t)|
being the upper bound of |5;(t)], p; = |¥1(ei(t))|/le;(t)] = 1 and
p=min{p;lic1,2,... n%}.

Proof. We consider an auxiliary function u;(t)=g(t)/2=
lg;(t)[/2 for the ith element of g(t) = e(t) + p [; </(e(t))dz, the
following dynamics can be easily obtained from ith subsystem of
(23):

&i(t) = —&W¥2(gi(1)) + di(t). (25)

Therefore, we take the time derivative of u;(t) as follows:
ui(t) = &i(t)gi(t) = (—EW¥a(gi(1)) + 0i(t))gi(t).

Considering that W,(g;(t))g;(t) = 0 holds true for any g;(t), we
have 1;(t) <0 when 6;(t)g;(t) <0, meaning |g;(t)| = /u;(t) will
not increase. Particularly, in the case of 6;(t)g;(t) < 0 if |g;(t)| # O,
it yields from (25) that |g;(t)] always decreases whenever
di(t) = 0 or d;(t) # 0. In other cases when 5;(t)g;(t) > 0, |g;(t)] may
increase, which leads to the decrease of | — W, (g;(t)) + 6i(t)|. How-
ever, this decreasing process stops when —&W,(g;(t)) + di(t) =0,
which makes u;(t) =0 again. Thus, it is obvious that when
t — +o0, |g;(t)| is bounded by
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— P51 (3i(6)/9)] < lgilt)] < W5 (8:(8)/2)],

where W, (.) is the inverse function of ¥, (-). Because |¥,(x)| > |x|,

ie, [¥,'(x)] < |x| is true for the activation functions used in this
paper, the bound of |g;(t)| can be reformulated as follows:

—léi(t)/¢l < lgi(O)] < loi(t) /¢l
—loi(t) /<] < &(t) < 1ai(t)/¢&]-

We now come to prove that p'¥;(e;(t)) tends to fall into the
interval p'P(e;(t)) € [—]6:(t)|/¢&,]8:(t)|/¢] when t — +occ. Supposing
there exists any time instant t; >0 such that g;(t;) = e;j(t1)+
ftJo" W (ei(D)dT = Sy and ¥ (ei(tr)) ¢ [—16i(61)|/¢,16i(1)]/&].

Without loss of generality, we assume uY¥(e;j(t;)) >
|6:(t1)]/¢ > 0. If e;(t), starting from e;(t;), keeps uW¥i(e;(t)) >
|6;(£)|/¢ in the following time period, then after time period t, we
have g;(t; + t2) = e;j(t1 + t2) + ,ufotl“z W1 (ei(t))dt = S,. Calculating
the difference between S; and S,, we have

(26)

S-S = (et +t2) ei(tr)) + i fo 7 Wi (ei(t))dt
- d
wlp e 27)
= (e(ty +f2) ei(t)) +,U/1 2 W (ei(t))dt
> pfi W (e(T))dT - eifty).
Besides, from above analysis, we obtain
[0i(t1 + £2)/¢] —
= 10i(t1)/& + [0i(t1 + t2) /& = 6i(t1) /E]| —51
< oi(th) /¢l + [oi(ty +t2)/€* (t1)/§| (28)
= [8i(t) /el + | f (3u(m) /9)d] —
< [0i(t) /g + [ \oi (1)/¢|dT = S;.
It follows from (27) and (28) that:
— ot +6)/¢ = [ (¥ (ei(n) - [5i(T)/¢)dT

*(|5i(t1)/€| +é€i(t1) +51)-

From previous assumption, pW¥;(e;(t)) — |8;(t)/&| > 0 holds true
for t € [t1,t1 +t2] and |di(t1)/¢] +ei(t1) +S1 is an given infinite
value for any given t;. In addition, inequality (26) implies that
Sy = gi(t1 + t2) < |di(t1 + t2)/¢&|. Therefore, we have

/ctlﬂz(,u‘iﬁ (ei(T)) — [0i(T) /&)t < (|0i(t1)/¢| +eitr) +S1).  (29)

It is worth pointing out that the left side of (29) is always
increasing with the increasing of time t,, while the right side of
(29) is a finite fixed value. Hence, when t, — +oo, we conclude that
lime oo (0¥ (€(0) — [5i(6)/E) =0, ie.  lime .. ¥ (et) =
|5:i(t)/&|. For the case when wu%¥(ei(t;)) < —|8i(t1)]/é <0 and
w¥(ei(t)) < —|i(t)|/¢ keeps true in the following time period, we
can obtain lim;_ . 1V (e;(t)) = —|5;(t)/| in a similar way.

Combining the above analysis results, even if there exists time
instant t such that u%¥q(e;(t)) ¢ [—|5:(0)]/¢,16:(8)]/¢], W1 (e;(t)) still
converge to interval [—|5;(t)|/¢ ,|6i(t)|/¢] when t — +oco. This
conclusion shows that e;(t) converges to [—|5;(t)|/(uép;), |0 (t)]/
(uép;)] for t — +oo. Furthermore, |le(t)|, satisfies

Ol = 4 Zez < njemax(t)],

where |emax(t)] has the largest value among
lei(t)|, Vi€ {1,2,...,n?}. Finally, we are able to conclude that the

0<

computation error ||e(t)|, of perturbed NTFZNN model (23) con-

verges to interval [0,n|dmax(t)|/(1ép)] wWith t — 4oc0. Theorem 5
has now been proved.

Remark 1. As illustrated in Theorem 5, when facing with various
kinds of time-varying additive noises, the steady state error
lle(t)]|, of the perturbed NTFZNN model (23) is still bounded as
long as the noises have bounded time derivatives. Considering that
even if the additive noises do not satisfy such requirement, most of
them can be approximated by Fourier series which satisfy our
requirement. Therefore our conclusion in Theorem 5 actually has
shown NTFZNN model’s strong robustness against wide range of
additive noises.

5. Simulative verification and comparison

Theoretical analyses in previous sections have laid a solid theo-
retical foundation for the NTFZNN model. In this section, we
mainly focus on validating the convergence and noise suppress
abilities of the NTFZNN model when applied to time-varying Lya-
punov equation problem solving. Without loss of generality, the
coefficients in the time-varying Lyapunov problem (1) are selected
as the following form

| -1 -3 cos(3t) 3 sin(3t)
M(t) = { 1 sizn(3t) 712+% cos(3t)} ’
- sin(3t)  cos(3t)
QO = Lcos(3t) sin(3t)}

Because the coefficient matrix M(t) and Q(t) are given, we can
calculate out the theoretical solution A(t) of Lyapunov Eq. (1),
and the ijth element A;(t) of matrix A(t) are written as follows:

An(t) = — 1 sin(3t)(cos(3t) — 2),

App(t) = —$(2cos(3t) — 1)(cos(3t) +2),
A (t) = —1(2 cos(3t) + 1)(cos(3t) — 2),
Ax(t) =1 sin(3t)(cos(3t) + 2),

where the correctness of A(t) can be validated by substituting it into
the problem (1). Therefore, we use A(t) to verify the model accuracy.

In the ideal environment without internal and external distur-
bance, both NTFZNNsgp and NTFZNNggar can converge to the accu-
rate solution of Lyapunov equation in finite time, which have been
proved in Theorem 3. For experimental purpose, in initial error
matrix E(0) € R?*?, every element e;;(0) € E(0) is random generated
and is bounded by |e;(0)| € [0,2]. Other design parameters are
selected as u=2, ¢ =1 in NTFZNN models, p =0.4 in ygpe(-)
and ygp(-) activation functions, gy = f, = 1 in Ygeap(). Fig. 1 shows
that, the residual error |[M"(£)X(t) + X(t)M(t) + Q(t)||; = |le(t)||, of
two NTFZNN models starting from the same original state con-
verges to zero quickly and in finite time. It is worth mentioning
that we can calculate the convergence time upper bound of these
NTFZNN models according to the Theorem 3, which is derived as
follows:

2(2+1) ~(1-04)
tspp < 2(1-0.4) 2

(1-0.4)
tsrar < oiggy INA— < 2.31s,

< 7.58s,

where tsgp, and tspar are theoretical upper bound of convergence
time of NTFZNNgsgp and NTFZNNsgar, respectively. It can be seen in
Fig. 1 that |le(t)|, of these models takes about 3.5 s and 2.3 s to
reach zero, which obviously satisfies the conclusion. What’s more,
Fig. 2 illustrates the output transients of the NTFZNNsgar model,
where the red doted line denotes theoretical solution and the blue
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Fig. 1. Trajectory of residual error |[M”(£)X(t) + X(t)M(t) + Q(t)|» synthesized by
NTFZNN model (7) when using SFAF (blue solid line) and SBP (red doted line)
activation functions. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

solid line represents the neural network solution. Clearly, the
NTFZNNsear model tracks the accurate solution quickly and pre-
cisely. Besides, the performance of NTFZNNsgp is similar and is thus
omitted.

Next, we come to examine the performance of the perturbed
NTFZNN model (23). This time we choose g4 (-) as the activation
function used in W;(-) and W, (-) because its performance is better.
We have also conducted simulations using the ordinary ZNN model

Z. Hu et al. / Neurocomputing 418 (2020) 79-90

(4) and the NTZNN model (9) as contrast group, where /() in the
ZNN model uses gap(-) too. Other parameters are set to be
p=04, u=3, £=2 and ; = p, = 1. When facing with constant
noise J;(t) = 2, the residual error trajectories of neural network
models are depicted in Fig. 3, which shows that the residual errors
le(t)||, of the NTFZNN and NTZNN models decrease to zero with
time, while the ordinary ZNN model’s stays at a very large level.
These facts imply the NTFZNN and NTZNN models can converge
to the theoretical solution but the ordinary ZNN model can not.
This phenomenon also verifies the conclusion of Theorem 4. In
order to demonstrate the superior noise toleration ability of the
NTFZNN model, we set the additive noise to be linear type
3i(t) = 2t, the design parameter are set to be =5, ¢ =2 accord-
ingly, and the simulative results are shown in Fig. 4. As demon-
strated in Fig. 4, even under such huge perturbation, the NTFZNN
model still maintains its effectiveness with very small stable resid-
ual error ||e(t)||, near zero, while the stable residual error of the
NTZNN model is about 2 and the ordinary ZNN model with even
larger increasing error. Furthermore, the convergence speed of
the NTFZNN model is much faster than the NTZNN model in both
Fig. 3 and Fig. 4, because the latter one is lack of nonlinear activa-
tion functions.

Theorem 5 illustrates that in the face of unknown nonstationary
additive noise, the stable residual error |e(t)||, of the NTFZNN
model is bounded and predictable given that the noise’s time
derivative is bounded. This conclusion shows the superiority of
the NTFZNN model under noise polluted condition, and thus we
have designed two simulative experiments to verify Theorem 5.
Note that in these two experiments, we use f(x) = x as activation
function in ¥;(-) and ¥,(:) for analyze convenience, i.e., p = 1.
Firstly, design parameters are set as =2, ¢ =1 and the noise
8i(t) changes from 0.5¢, t to 2t, thus the steady-state residual error
upper bound changes from 2, 1 to 0.5 in Theorem 5, which matches

15 time/s | time/s
o 1 2 3 4 5 6 7 8 9 10 o0 1 2 3 4 5 6 7 8 9 10
1.5 T T T T T T T T T T
15 1
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i |
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,, \ 4
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! \
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05¢ \
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AF 4
time/s | 157 time/s 1
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Elements of neural state X(t) synthesized by NTFZNN model (7) using SFAF (11) activation function.
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Fig. 3. Computing time-varying Lyapunov equation problem in the presence of
additive constant noise d;(t) = 2, using the NTFZNN model (blue solid line), the
NTZNN model (green doted line) and the ordinary ZNN model (red doted line). (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
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Fig. 4. Computing time-varying Lyapunov equation problem facing additive
increasing noise 6;(t) = 2t, using NTFZNN model (blue solid line), NTZNN model
(green doted line) and the ordinary ZNN model (red doted line). (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

the results shown in Fig. 5(a) perfectly. In the second experiment,
0i(t) is fixed to be 2t while design parameters are set as
nw=2¢é=1u=4,&¢=1to u=4, £=2. As depicted in Fig. 5
(b), the stable ||e(t)||, changes from about 1, 0.5 to 0.25, validating
the Theorem 5 again. Obviously, the robustness of the NTFZNN
model is excellent. Moreover, the convergence speed and noise
suppression ability can be improved through increasing u, ¢ and
adopting better nonlinear activation functions.

6. Application to perturbed mobile manipulator control

In the previous section, we have used NTFZNN model (7) to
solve the nonstationary Lyapunov equation problem and we only

solve a slightly simple Lyapunov equation for concise demonstra-
tion. However, to validate the efficacy of our proposed NTFZNN
model on applying to the real-world task, we introduce a mobile
manipulator to test it as in [13,38,39]. The robot manipulator is a
wheeled mobile manipulator, whose model and mechanical struc-
ture can be seen in [40]. Furthermore, one can learn from [40] that
the kinematics model of this robot manipulator can be formulated
as following equation:

r(t) =y(O(t)) € R,

where O(t) = [¢"(t),0"(t)]' € R**? represents the angle vector that
consists of the mobile platform angle vector ¢(t) = [¢,(t), px(t)]”
and the manipulator angle vector 0(t) = [61(t),...,0(t)]". Besides,
r(t) = [rx(t),1y(t), 7.(t)]" denotes the position of end-effector in
Cartesian space, and y(-) denotes a smooth function mapping O(t)
to r(t) in nonlinear behavior.

Following the inverse kinematic control method and the
NTFZNN model, the dynamic equation used to accomplish the
tracking control task of this mobile manipulator can be obtained as

JO©)0(t) = 1(t) - P (e(t) - &¥s <e(f) + #/0 e(f)dT>,

where J(O(t)) = dy(O(t))/00 € R™ ™2 e(t) = r(t) — y(O(t)) is the
error vector of end-effector position. Considering that the most
important advantage of the NTFZNN model is its ability to work
reliably even under large noise condition, we inject an increasing
noise J(t) = 2t to above dynamics:

JOE)O(t) = (t) — pP1(e(t) - ¥ (e(t) + 1 [ e(t)dT) +6(¢).
(30)
In the simulation, we set wu=100, (=5, ©(0)=

0,0,7/3,m/12,t/12,t/12,t/12,t/12]. The tracking duration is
10 s and the activation function we use is SFAF (11) with p = 0.5
and p; =B, =1. Under this condition, we use the perturbed
manipulator control dynamic (30) to track a Four-leaf clover shape
path and the results are shown in Figs. 6 and 7(a). Fig. 6 illustrates
the whole tracking process of mobile manipulator controlled by
model (30), where Fig. 6(a) plots in 3D view angle and Fig. 6(b)
plots top graph of the process. Evidently, although under large lin-
ear noise, the model accomplish the tracking task well, this can be
further verified in Fig. 7(a) which depicts the desired path and
actual end-effector trajectory. Particularly, in Fig. 7(a), we find that
the position error of the path is about the level of 10~°m on all
three axises under such large noise perturbation.

It has been demonstrated in Fig. 4 that the NTFZNN model (12)
outperforms the ordinary ZNN model (13) and the NTZNN model
(9) when facing time-varying additive noises. Therefore, it is neces-
sary to verify whether the NTFZNN model (12) still outperforms
above other two models in the perturbed robotic tracking task.
Similar to constructing the perturbed NTFZNN model based robot
control model (30), we have the perturbed NTZNN model based
robot control model as J(O(t))O(t) = i(t) — pe(t) — ¢ [, e(T)dt +
4(t) and the perturbed ordinary ZNN model based robot control
model as J(O(t))O(t) = i(t) — u¥;(e(t)) + &(t). Then in above three
robot control models, all activation functions W (-), ¥,(-) are set to
be SFAF (11) while other parameters are set as 6;(t) =2 * t—
sin(t),p=05,,=p,=1,({=1 and p=10,11,...,20. With
above settings and starting from the same initial condition ®(0),
the three perturbed robot control model are used to track a desired
path which is the same as in above experiment. Note that the Max-
imum Steady State Position Error (MSSPE) as a new evaluation
index is adopted in the simulation results of Fig. 8. Besides, the
MSSPE is defined as max{err,(t)},Vt € [7,10]s. From Fig. 8, evi-
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Fig. 5. Residual error |[M" (£)X(t) + X(6)M(t) + Q(t)||; generated by perturbed NTFZNN model (23). (a) Under different additive noise ;(t) = 0.5¢ (blue solid line), 3;(t) = t (red
doted line) and 4;(t) = 2t. (b) Using different design parameters u and ¢&. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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Fig. 6. Results of tracking Four-leaf clover path using the perturbed NTFZNN model (30) controlled the mobile manipulator. (a) Complete tracking movement process. (b) Top
view of according tracking trajectories.
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Fig. 7. Profiles produced by the perturbed NTFZNN model (30) controlled mobile manipulator during tracking task. (a) Desired path (red solid line) and actual path (green
dots). (b) Tracking position level error along three axises and as a whole in Cartesian space.
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Fig. 8. MSSPE trajectories of three perturbed robot manipulator control models
which are based on the NTFZNN, NTZNN or ZNN models during tracking tasks and
with different u.

dently, the perturbed NTFZNN model based robot control model’s
MSSPEs are always more than 100 times smaller than that of other
two perturbed robot control models, which shows that the
NTFZNN model works much better than the NTZNN model (9)
and the ordinary ZNN model (13) in perturbed robot manipulator
control.

In summary, the above simulation results have shown that the
NTFZNN based robot control model (30) can handle the mobile
manipulator tracking task well in heavily perturbed environment.

7. Conclusion

In order to accelerate the convergence speed to finite time as
well as to perform reliably even when there exists various types
of internal and external noise, a novel Noise-Tolerance Finite-
time convergent ZNN (NTFZNN) model is established to deal with
the time-varying Lyapunov equation. Equipped with two finite-
time convergent activation functions, the advanced properties of
the NTFZNN model are firstly proved theoretically. Numerical sim-
ulative experiments have validated that NTFZNN is able to con-
verge to the accurate solution of time-varying Lyapunov
equations. It has also been proved and validated by numerical sim-
ulations that when the additive noise has bounded time derivative,
the stable residual error of perturbed NTFZNN is bounded and can
be computed out. Furthermore, the design method of NTFZNN is
adopted to control a wheeled mobile manipulator under increasing
additive noise in real-time, which successfully tracks the desired
path with high accuracy. Future work can be finding ways to fur-
ther enhance convergence speed of the NTFZNN model. Transform-
ing the NTFZNN model into discrete model and exploiting it to deal
with more practical applications also worth in-depth research.
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