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Abstract—The core function of quantum networks is to
establish high-fidelity quantum entanglement for long-distance
communication. However, the main challenge is to efficiently
allocate resources under limited conditions, maximize through-
put, satisfy end-to-end (E2E) fidelity requirements, and prevent
quantum decoherence caused by inefficient routing algorithms.
Current research focuses on optimizing either throughput or
fidelity, with a lack of approaches that optimize both simul-
taneously; furthermore, existing algorithms suffer from high
computational complexity. To tackle these challenges, this study
proposes a Satisfying Fidelity Threshold Routing and Adaptive
Purification Strategy (SFTRAP). SFTRAP maximizes throughput
for each request by selecting multiple paths and dynamically
choosing links for entanglement purification based on the current
state of link resources, thus minimizing throughput loss while
satisfying fidelity threshold. The strategy also adaptively adjusts
the number of purification rounds according to the fidelity
threshold, thereby optimizing the time required for deep purifi-
cation and enhancing algorithmic efficiency. For multi-request
scenarios, SFTRAP employs a priority sorting mechanism that
takes into account both path cost and path freedom, which
refines request scheduling and path selection to create more
efficient request combinations, thus further boosting the overall
network throughput. Simulation results indicate that SFTRAP
surpasses state-of-the-art methods in terms of both through-
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put and algorithmic efficiency, highlighting its potential for
optimizing resources in quantum networks.

Index Terms—Quantum networks, fidelity-guaranteed, entan-
glement purification, entanglement routing, resource allocation.

I. INTRODUCTION

N RECENT years, the rapid development of classical infor-

mation theory has profoundly transformed human life but
also revealed new challenges. Moore’s law suggests inherent
limits to the future growth of computational power [1]. With
the advent of quantum computers, however, new paradigms
in computation are emerging. By exploiting quantum proper-
ties such as superposition, quantum computers offer inherent
parallelism and can solve mathematical problems that are
difficult or inefficient for classical systems, potentially achiev-
ing exponential gains in computational capability. Notably,
quantum computing shows strong potential in accelerating
computationally intensive tasks, including large-scale train-
ing of artificial intelligence models [2], [3]. Despite these
advantages, quantum computers are constrained by the limited
memory capacity of qubits. A promising approach to mitigate
this limitation is the deployment of quantum networks, which
interconnect multiple quantum computers into a distributed
processing system [4]. Beyond addressing memory constraints,
quantum networks are crucial for enabling advanced applica-
tions such as quantum sensor networks [6], quantum secure
communication [5], [7], and military information countermea-
sures [8], all of which depend on the reliability and security
of quantum networks.

The central challenge in realizing these applications lies in
establishing high-fidelity entanglement between non-adjacent
nodes and ensuring robust quantum information transmission.
A quantum network comprises nodes—serving as quan-
tum computers or repeaters—interconnected by optical fibers
or free space links. Each node is equipped with limited
quantum memory and supports qubit generation, storage,
manipulation, and swapping. Given the physical constraints
of quantum memories, available entanglement resources are
inherently scarce. In the basic case, adjacent nodes establish
entanglement through photon-based mechanisms, typically by
encoding quantum states in photon polarization or phase [9].
The entangled photons are then distributed via optical channels
and stored in quantum memories to sustain entanglement over
time.
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Quantum information is transmitted to the destina-
tion through quantum teleportation, utilizing entanglement
resources. However, the success rate of entanglement distribu-
tion between two quantum nodes decreases exponentially with
increasing physical distance. Moreover, quantum information
adheres strictly to the no-cloning theorem [10], rendering clas-
sic signal amplification and regeneration methods unsuitable
for quantum communication. As a result, quantum repeaters
are essential for establishing remote end-to-end (E2E) entan-
glement. These repeaters, situated between the source and
destination nodes, facilitate entanglement swapping [11], con-
verting link-level entanglement into E2E entanglement. The
E2E entanglement connection includes three steps: First,
adjacent nodes establish link-layer entanglements, which are
defined as the quantum network’s resources. Second, the
repeaters exploit Bell State Measurements (BSM) [12] to con-
vert link-level entanglements into E2E entanglements through
a process known as entanglement swapping. Finally, the
BSM results are sent to the destination node. The destination
node applies Pauli X or Z gates [13] based on the BSM
results to recover the state of the entanglement to the desired
Bell state.

Although repeaters are used to establish remote entangle-
ments, the success rate of quantum information transmission
is not guaranteed. This is because the quantum entanglement
is extremely fragile and susceptible to external environmental
interference during entanglement distribution and swapping.
Quantum decoherence would further exacerbate quantum
information loss. Therefore, fidelity is used to quantify the
quality of entanglements. Fidelity is a value between 0 and 1
that measures the similarity between a transmitted quantum
state and target state. Entanglement purification is utilized
to improve fidelity. This technique consumes low-fidelity
entanglements between adjacent nodes to obtain high-fidelity
entanglements. To construct a large-scale quantum network
and enable efficient and accurate quantum information trans-
mission, key challenges include: 1) In a resource-constrained
quantum network, purifying a link with limited resources or
one that is already multiplexed can significantly decrease
available resources, potentially turning it into a bottleneck
or even causing congestion, ultimately reducing the network’s
overall throughput. 2) To satisfy the fidelity requirements,
purification of the entanglements is necessary. However, the
purification process significantly increases the computational
complexity of the algorithm. In addition, the entanglement
fidelity decreases with time increasing due to quantum deco-
herence. As a result, fidelity loss is exacerbated when less
efficient purification algorithms are used, further degrading
the network’s performance.

This paper proposes the Satisfying Fidelity Threshold for
Routing and Adaptive Purification (SFTRAP). To maximize
throughput, SFTRAP employs the K-shortest path algorithm
to identify multiple paths from source to destination, and uses
these paths to establish multiple E2E entanglements. Next, to
meet the fidelity requirements of requests and minimize the
impact of purification on throughput, SFTRAP jointly opti-
mizes the routing and purification strategies, satisfying fidelity
requirements and maximizing throughput. Finally, to reduce
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the computational complexity involved in finding the optimal
purified link, SFTRAP incorporates an adaptive purification
strategy that dynamically adjusts the number of purification
rounds according to fidelity demands. Through these optimiza-
tions, our ultimate goal is to transform quantum networks
from a theoretical concept into a practical, seamlessly inte-
grated system that works alongside existing infrastructures.
By effectively balancing fidelity and throughput, SFTRAP
provides a solid foundation for the next generation of quantum
applications.

The main contributions are as follows:

e We propose a joint optimization approach for routing and
purification, which employs the k-shortest path algorithm
to identify multiple paths and establishes E2E entangle-
ments based on these paths, maximizing the throughput of
the quantum network and satisfying fidelity requirements.

e We introduce an adaptive purification strategy to reduce
the computational complexity of the purification process.
This strategy dynamically adjusts the number of purifi-
cation rounds based on the specific fidelity requirements,
effectively reducing both the time and computational cost
associated with finding the optimal purified links.

o We extend SFTRAP to multi-request scenarios by propos-
ing a priority sorting mechanism that considers both path
cost and path freedom. This mechanism optimizes request
scheduling and path selection, improving request combi-
nations in terms of throughput and resource efficiency,
thereby further enhancing overall network performance.

The structure of this paper is as follows: Section II

reviews related work, Section III presents the problem model,
Section IV focuses on the design of SFTRAP, Section V pro-
vides an analysis of the experimental results, and Section VI
concludes the paper.

II. RELATED WORK

The Internet has revolutionized our world, and now the
quantum Internet ushers in a new era, aiming to enable
global quantum communication while simultaneously enhanc-
ing computational capabilities and the security of information
transmission [14]. Furthermore, the latest achievement has
opened a new phase in quantum Internet research, paving
the way for large-scale quantum networks and bring-
ing entanglement-based communication closer to practical
implementation [15].

Quantum networks play a critical role in the field of quan-
tum information [14], [16], [17], [18], [19]. Previous research
explored several specific network topologies, such as diamond,
ring, sphere, and star topologies [17]. These studies aimed to
maximize the utilization of network resources and throughput
within specific topologies. Based on these efforts, some studies
focused on entanglement routing design in universal network
topologies [20], but overlooked the potential failures of entan-
glement establishing and swapping. To simulate the quantum
network more realistically, Shi et al. [21] considered entan-
glement generation failure and utilized successfully generated
entanglement to establish E2E entanglement with the fewest
hops. Moreover, Zhao and Qiao [22] considered both entangle-
ment generation and swapping failures, allocating additional
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resources to repeaters to repeatedly generate entanglement
until successful. Furthermore, Hahn et al. [23] proposed an
efficient adaptive routing algorithm based on graph theory. In
the event of an entanglement swapping failure, the algorithm
dynamically selects the shortest alternative path, thereby ensur-
ing the maintenance of E2E entanglement. However, these
studies failed to adequately address entanglement fidelity,
which directly impacts the probability of successful quantum
information transmission. Pant et al. [24] highlighted that time-
induced quantum decoherence has a significant impact on
entanglement fidelity. To address this, their study focused on
maintaining high-fidelity entanglement paths by minimizing
the time for entanglement generation and swapping, thereby
preserving the desired state of entanglement. However, this
approach overlooked potential fidelity degradation during the
entanglement generation phase.

Wang et al. [25] proposed several quantum purifica-
tion schemes to enhance entanglement fidelity by allocating
additional resources to each link. However, their approach
mainly improved local fidelity without ensuring E2E fidelity.
Li et al. [26] proposed a method where entanglements are
purified first, and paths are subsequently selected based on the
purified links to ensure E2E fidelity. However, this approach
would waste resources by purifying all links, and the fidelity
loss during entanglement swapping undermines the ability
to guarantee E2E fidelity. Li et al. [27] proposed a method
in which the Dijkstra algorithm is used to determine the
optimal path, and the links along this path are then purified
to ensure E2E fidelity. However, this approach selects the
link with the greatest potential for fidelity improvement for
purification, neglecting the resource limitations of the link
itself and the possibility of reusing the link for multiple
paths. This leads to the link becoming a communication
bottleneck, thus limiting the network’s maximum throughput.
Moreover, the purification strategy in this method is static and
lacks adaptive adjustment of purification rounds, resulting in
increased resource consumption and higher processing latency.

III. NETWORK & PROBLEM MODEL
A. Network Model

Table I presents a summary of the principal variables
employed throughout the paper, along with their concise
definitions.

We adopt a quantum network model based on a central-
ized classical-quantum collaborative architecture, a widely
recognized paradigm for future quantum networks [28]. In
this model, the quantum layer handles entanglement gener-
ation, distribution, and maintenance, while the classical layer
provides centralized control to monitor network states and
coordinate operations. The controller collects event-driven
updates on entangled pair availability, fidelity, link utiliza-
tion, and node resources, enabling adaptive decision-making
at the network layer. This design allows the network to
maintain high performance under dynamic conditions such
as link degradation or node failures. For simplicity, deco-
herence within a time window At is not modeled, as the
controller operates per At with updated states. We also
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TABLE I
KEY VARIABLES AND DEFINITIONS

Symbol Concise Meaning

Network & Request

G=(V,E) Quantum network topology

I(u,v) Quantum link between nodes w and v
rk = (sk, dF) Routing request from s* to d*

pk, The m-th path for request r*

Physical Layer & Resources

a, At Fiber attenuation coefficient, Time slot
Ry v) Number of available entangled pairs on link I(u, v)
maz Global maximum of entangled pairs across all links

Resources allocated to path p¥, on link I(u,v)

Fidelity & Purification

RERE End-to-end fidelity of path p,
Fluv) Fidelity of link (u,v)
th

Fidelity threshold for path plfn
Number of purification rounds, Success probability of
one round purification

SFTRAP Core Metrics

k,m
NPUT Poyce

ETE2E Expected throughput for path p%,
ETy m(u,v) Throughput contribution on link I(u,v) for path pk,

Number of purification attempts for path p¥, on link
I(u,v)

pairsy m (u,v)

DZ,“WTL Purification decision metric for path p¥,

RZ,”’;’;;'”, ]Z’jfn"c Patt}-speciﬁc max resources and link reuse for normal-
1zation

Q Queue for storing data or path schemes

Costi, m(u,v)  Resource consumption on link {(u,v) for path p%,

assume ideal Bell-state measurements, negligible classical
communication latency, and memory lifetimes sufficiently
long so that storage decay does not bind within At¢. These
assumptions allow us to isolate and evaluate the routing
and purification strategies, while more detailed physical-layer
effects are left for future work. Within this framework, the
proposed SFTRAP algorithm leverages real-time resource
information to jointly optimize routing and purification.
Using a K-shortest path algorithm, SFTRAP selects candi-
date paths for each request to meet throughput demands,
applies purification to satisfy fidelity constraints, and then
executes entanglement swapping to establish E2E connections.
Thus, the process of generating E2E entanglement is realized
through coordinated entanglement generation, purification,
and swapping.

1) Entanglement Generation: Quantum entanglement is
generated using spontaneous parametric down-conversion
(SPDC) [29], where a laser beam passes through a nonlinear
crystal to produce photon pairs entangled in their polarization
states. These photon pairs are transmitted through the optical
fiber network to adjacent quantum repeaters. We define the
entanglement generation rate on link (u,v) as r(u,v), which
is set to be equal across all links. Due to the imperfect
efficiency of the SPDC process and optical fiber attenuation,
the success probability of generating an entanglement pair on
l(u,v) is

q(u,v) = (1 = Yinge) - 1070/, (1)

where 7;,;: denotes the initial loss rate from imperfect SPDC
efficiency, d(u,v) is the physical length of link [(u,v), and
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(a)

Fig. 1. Using purification to improve fidelity.

« is the fiber attenuation coefficient in dB/km (typically
a =~ 0.2 dB/km at 1550 nm). Within a time interval At,
the number of entangled pairs generated on I(u,v) follows
a binomial distribution B(r(u,v)At,q(u,v)), with expected
value 7(u,v)q(u,v)At. Considering the memory capacities
of nodes u and v, denoted by m, and m,, the available
entanglements R, . on link /(u,v) are then given by

2

Ry vy = min(r(u, v)q(u, v) At, my, m,)

where R(, .,y denotes the available entanglement bandwidth
on link I(u, v) per time slot At, reflecting the link’s effective
entanglement capacity. This value is determined by the min-
imum of three factors: the expected number of successfully
generated and transmitted entangled pairs, 7(u,v)g(u, v)At,
and the quantum memory capacities at the endpoint nodes,
m, and m,,.

2) Entanglement Purification: Entanglement purification is
achieved by sacrificing low-fidelity entanglement to obtain
high-fidelity entanglements. The purification operation is
depicted in Figure 1 (a). Direct measurement of the source
entanglement would lead to the collapse of the quantum
superposition state into a single state, thereby losing its
entanglement properties. Consequently, it becomes imperative
to use test entanglement to probe the state of the source entan-
glement. Alice and Bob each have one qubit for the source
entanglement pair and the test entanglement pair. These qubits
are sent to a controlled-NOT (CNOT) gate, which performs
an XOR operation, preserving the parity check between the
source and test qubits as they pass through the gate. We
measure the state of the test pair to determine whether the
source pair is in the desired state.

The top part of Figure 1 (b) illustrates a successful purifi-
cation example. If the measurement results of the test pair
(denoted as M1 and M2) are consistent, it indicates that the
source entanglement is in the Bell state |Sgo) = %(|00> +
|11)), where Bpp denotes the maximally entangled state. In
this state, the two qubits are perfectly correlated, meaning both
are in |0) or both in |1) with equal probability. This implies
that the source entanglement has not suffered from bit-flip or
phase-flip errors. As a result, the entangled state is retained,
and its fidelity is improved.

Conversely, the lower part of Figure 1 (b) shows a
failed purification example. If the measurement results are
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Fidelity=0.8 Fidelity=0.941 Fidelity=0.985

Ist purification 2nd purification

O

W

Initialization

Fidelity=0.8 Fidelity=0.8

.|
vE

Failed purification Failed purification

inconsistent, the source entanglement is discarded. The test
pair is always discarded, as it no longer retains entanglement
after measurement. Notably, M1 and M2 produce identical
results in two cases: (i) when the source entanglement is
truly in the ideal Bell state |3pp); and (ii) when both qubits
have undergone a bit-flip, falsely suggesting the state is |5go),
resulting in a false positive. Assuming the initial fidelities of
the two entangled pairs are F} (the source pair) and Fy, (the
ancillary pair), we adopt the entanglement pumping protocol
based on the DEJMPS protocol [36]. Thus the probability of

a positive measurement outcome [30] is
F)succ(FlaFanc):FlFanc“i’(l*Fl)(l*Fanc)- (3)
Accordingly, the fidelity of the purified source entanglement

is

F 1 F, anc

F=_— 1
Psucc(FhFanc)

> max(Fy, Foe)- 4

To further improve the quality of raw entanglements, we
further increase the fidelity of entanglement by applying
multiple rounds of purification, as shown in the top part of
Figure 1 (b). After ¢ rounds of purification, the fidelity of the

entanglement, denoted by Fj, is updated as

Ft—lFanc

F,= -1t
k P@ucc(Ft—h Fanc) ,

(&)
with F() =F 1-

The success probability of the #-th purification round is
exactly P, = Pycec(Fi—1, Fanc). For a sequence of n rounds,
the overall purification success probability is the multiplicative
product:

=

Pn == stucc(Ft—lv Fanc)- (6)

t

1

3) Entanglement Swapping: Entanglement swapping is a
method for achieving E2E entanglements. The entangled pho-
tons are stored in repeaters. By performing the BSM operation
in repeaters, two pairs of entangled photons are coupled
together to form a long-distance entangled pair. Entanglement
swapping enables remote communication partners to estab-
lish E2E entanglements by connecting multiple single-hop
entanglements along a predetermined path. The fidelity of an
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E2E entangled pair F”2F follows the standard Werner-state
mapping under ideal BSMs [35]:

AF 4 — 1
FPE =143 ] 7(“’; . %

(u,v)Epy,

Here, F{, ) denotes the fidelity of link I(u,v), and pﬁl
represents the m-th path of request 7*. As the number of hops
increases, F,leE decreases accordingly, posing a challenge in
designing enfanglement routing with guaranteed fidelity.

B. Problem Model

The problem of satisfying fidelity-threshold entanglement
routing is formulated as follows: At a given time slot, for
a quantum network G = (V, E), the bandwidth R, ,) on
the link [(u,v) is determined by equation (2). We define
a request set Req = {r¥|k < K}, where K is the total
number of requests. Each individual request r* consists of
two components: rk = (sk, dk ). Here, sk represents the source
node and d* is the destination node of request 7*. For each
request ¥, it is necessary to determine its associated path set
and purification set in order to satisfy the routing and fidelity
requirements. A given request 7* may have multiple paths,
each with a corresponding purification strategy, denoted by
Pk and DP*, where P* = {p’ﬁn|m < M’“} and DPY" =

{Dﬁ";l |m < M k}. p" represents the m-th path of request 7"
and M*

with the corresponding purification strategy D}", ,

represents the total number of paths for request r*.

Our goal is to allocate resources to the requests and max-
imize throughput while satisfying the fidelity threshold. The
objective function is formed as follows:

E2E
max g E ETk,m
kE m

st ETim(u,0) < RG™, V(u,v) € EVE,m,

km km
2D by < Ruw,  ¥(uwv) € B,
k. m

k,m

Tlaw) € Zy, V(u,v)€ E,Vk,m. (8)

Here, ET”2F denotes the E2E throughput of the m-th path
for request r*, while ET} ,,(u,v) represents the throughput
contribution of an individual link [(u,v) on that path. The
binary variable b](“:)’:)) indicates whether path m of request
r* traverses link [(u,v), and Ry, is the available capac-
ity of that link. The decision variable rkﬁnz specifies the
amount of entanglement resources allocated to the path on link
l(u,v). The objective maximizes the total throughput across
all requests. The first constraint bounds each path’s throughput
by the allocation on its bottleneck link. The second ensures
that total allocations on each link do not exceed its capacity.
The third enforces integrality, reflecting that entangled pairs
are discrete resources.

In classic networks, the problem of routing multiple source-
destination pairs is classified as a multi-commodity flow
problem and has been shown to be NP-hard [31]. Furthermore,
in quantum networks, the entangled routing problem is coupled
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Algorithm 1 SFTRAP Algorithm for a Single S-D Pair
Input: Network G = (V, E), Request r = (s ,d ),
Fidelity threshold F}", .
Output: Selected paths P* , Strategies D", Total

sel? sel °

throughput E'T}514.

1 Step 1: Initialization

2 Prune graph G to G’ by removing links unable to meet
F]zh .

3 Initialize an empty priority queue () for candidate

paths, ordered by cost;

4 Step 2: Path Selection
s Find candidate paths P¥ . from s* to d* in G’ using
K-Shortest Path;

Step 3: Purification Strategy Execution
foreach path pk, € PF . do

ca
while current FF2E < Fh do

Select link l(:u, v) € pﬁb that maximizes the

. . . Dur .
purification metric Dk,m’

10 Update the strategy DY""

Eop k,m
F .
k,m °

e ® 2 &

and recalculate

1 Calculate total path cost and push (p%,, Dy, cost)
to Q;

12 Step 4: Resource Allocation & Throughput Update
13 while Q is not empty do
14 Pop the lowest-cost path-strategy pair (p¥,, D)

from Q;
15 | Calculate path throughput ET2F;
16 if path is feasible and resources are available then
17 Allocate resources and update the network state
G;
18 Update output sets PX,;, D" and total

throughput ET}ota1;

k  ppur
19 return P, D,

ETtotal;

with the purification scheme, which further increases its com-
plexity. In the above problem model, to achieve E2E entangled
routing that satisfies the fidelity threshold, the problem requires
not only determining the optimal paths for the set of requests
Regq, but also devising a corresponding purification scheme
that specifies where and how purification should be performed
along those paths.

IV. SFTRAP FOR SINGLE S-D PAIR

In this section, we present the SFTRAP algorithm, which is
designed to solve the problem of establishing E2E entangle-
ments under single request scenario.

A. Design Overview

Given a routing request 7* and a quantum network topology
G = (V, E), we aim to find a routing solution that maximizes
the throughput, satisfies the fidelity threshold and improves the
algorithm’s computational efficiency. We propose the SFTRAP
algorithm to achieve these objectives. The algorithm follows
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the core steps outlined below: The algorithm begins by explor-
ing all feasible paths between the source node s* and the
destination node d*. For each path, the optimal entanglement
purification scheme is then determined to ensure transmis-
sion quality. Next, the algorithm evaluates the total cost of
each path, taking into account both the cost of establishing
entanglement and the cost of purification. Based on these
evaluations, the paths are sorted in ascending order of cost,
forming a ranked list. The algorithm then iterates through this
list and selects the lowest-cost paths for resource allocation.
This step includes removing the used resources and updating
the network topology accordingly. After allocating resources
to the selected path, the algorithm removes that path from
the list and proceeds to the next iteration, considering the
remaining paths until all paths have been visited. The detailed,
step-by-step implementation of this process is presented in
Algorithm 1.

B. Satisfying Fidelity Threshold for Routing and Purification

The SFTRAP under the single S-D pair scenario consists of
the following 4 steps:

1) Initialization: Before executing the routing strategy,
we use a pre-generated model to establish entanglements in
the network. Each node attempts to establish entanglements
with its neighboring nodes. For all successfully established
entanglements, we maintain a mapping table that records the
relationship between fidelity improvement, purification rounds,
and resource consumption for each link. According to the
pumping purification protocol, a link with R, entangled pairs
can support at most Ny, = R. — 1 purification rounds,
where one pair serves as the target state and the remaining
R, — 1 pairs act as auxiliary states. After the maximum
number of purification rounds, if the fidelity is still below
the threshold, the link should be removed. Finally, based on
the successfully established entanglements, we construct an
undirected topology graph G" = (V, E"), representing the
network structure for routing.

2) Path Selection Strategy: To identify all routing paths
from the source node s* to the destination node d*, we
adopt the following path selection strategy. First, the Dijkstra
algorithm is used to find the shortest path with a length of
™" Then, an iterative algorithm is designed using the path
length as the iterative metric. The iterative metric / starts from
the shortest path length ["™*" and progressively increases until
it reaches the longest path (i.e., |V| — 1,|V| represents a total
number of nodes). At each iteration step, the K-shortest path
algorithm [33] is used to find all paths with length equal to
I. We gradually relax the path length constraint to identify
all routing paths from the source node s* to the destination
node d*. Finally, purification operations are performed on the
obtained paths in order to satisfy the fidelity requirements.

3) Design of Purification Strategy: The E2E entanglement
fidelity is derived from the post-purification fidelities of all
entangled links in the path, following the standard Werner-state
mapping under ideal BSMs. It is calculated using equation (7):

4F " (u, v, NPUT) — 1
F,f?nE}1+iH<’“’ O

3
(u,v)€Epk,
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Here, ') (u, v, NP"") denotes the fidelity on link /(u,v)
after NP“" purification rounds along pF,.

Entanglement purification is viewed as a processing unit
with inputs and outputs, where the fidelity of the input
entanglements directly affects the fidelity of the output. Con-
sequently, selecting different links for purification along the
path p* can have varying effects on E2E fidelity. Previous
studies [26], [27] adopted alternative purification strategies
aimed at satisfying the fidelity requirements of communication
requests. However, these approaches fail to guarantee an
optimal purification scheme. We illustrate this limitation with
the following example:

Example: To address the challenge of fidelity guarantee
in entanglement routing, several purification strategies are
compared in Fig. 2. gpath (Fig. 2a) employs an iterative
greedy method, selecting links that maximize E2E fidelity
improvement at each step. While effective for individual
paths, it is resource-agnostic and may overload critical links,
creating bottlenecks. gqleap (Fig. 2b) sets an average per-hop
fidelity target Fiy, = (F}" )!/! based on the E2E threshold
F,ﬁhm and path length [. This simplifies the protocol and
improves efficiency but sacrifices optimality, often causing
over-purification and reduced throughput. Since NSPS lacks
a dedicated purification mechanism [32], gleap’s approach
is applied for its evaluation. PU (Fig. 2c) instead performs
static, network-wide pre-purification below a global threshold
F,ﬁhm which frequently wastes resources and limits support
for demanding requests due to the difficulty of choosing
an appropriate universal threshold. In contrast, our pro-
posed SFTRAP (Fig. 2d) integrates routing with a dynamic,
resource-aware decision mechanism. By jointly considering
fidelity gain, resource availability, and link reuse, and by
adapting purification rounds, SFTRAP avoids bottlenecks and
maximizes throughput while ensuring fidelity requirements,
offering a more practical and holistic solution for quantum
networks.

To determine which link on a path should be prioritized
for purification at the NP“"-th potential round, we introduce
the purification decision metric D}" (u, v, NP“"). This metric
is calculated based on three key factors: the potential fidelity
improvement from this round, the available resources on the
link, and the degree of link reuse. A higher value of D}
indicates a higher priority for performing the NP*"-th round of
purification on the link I(u, v) for path p¥,. The normalization
and scoring are computed in a per-path, per-round manner to
reflect the current state. The calculation is as follows:

DY (u, 0, NPU7) = a - b (u, 0, NPT)
+b: Ry — - Blu,v)  (10)
where:
S (1,0, NPT
= F{, (w0, N7) = UL (0, NP7 —1) (1)

FP (u, v, NP“) and F}"(u,v, NP*" — 1) denote the
fidelities of link I(u,v) after N?*" and NP“" — 1 rounds of
purification, respectively. Their difference, ., (u, v, NP""),
represents the fidelity improvement in the NP“"-th round.
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When NP*" = 1, it reflects the increase from the initial fidelity
after one round of purification. R, ,) denotes the number of
available entangled pairs on link /(u, v), while the reuse degree
E(u,v) represents the number of paths pF, that traverse this
link, as defined below:

E(u,v) = Zp]ﬁn(u,v) (12)
k,m

The aforementioned parameters consider aspects of fidelity
improvement, resource availability, and link reuse. a, b, and
¢ are the weight parameters, satisfying a + b + ¢ = 1.
Weights a and b act positively, favoring fidelity gain and
available resources, while ¢ acts negatively, penalizing link
reuse to reduce purification priority on bottlenecks. Since the
magnitudes of g m(u, v, NP*"), R(y.), and E(u,v) differ,
with 0p m (u, v, NP*") <1 and Ry ), £(u,v) > 1, it is nec-
essary to normalize these parameters to ensure a uniform scale
across the model. We adopt path-round max-normalization,
recomputed for each candidate path p¥, and each purification
round NPY", as follows:

DpuT (u; v, NpuT) = - —6147}777, (U, Y NpuT)

k,m 5]1;13?:; (Npur)
Ru,v) E(u,v)
b- — —c- 13
+ Ry Epe (13)

where 6'0(NP*") denotes the maximum fidelity improve-
ment achievable after NP“" rounds of purification on the
current path pk . k.m Tepresents the maximum available
resources on p¥, in the current round, while Eyy indicates
the highest level of link reuse on pX in the current round.
In the multi-request scheduler, E(u,v) is computed over the
currently active candidate path pool across all pending requests
in the present scheduling iteration and is recomputed after
each resource allocation or resource update; in the single-
request case, it reduces to the request’s own candidate set.
For each link on path pf, we compute Dy (u, v, NPT
and prioritize links with the highest values; this selection
proceeds iteratively until the path satisfies the required fidelity
threshold.

a) Adaptive purification strategy design: In the previous
section, we devised a purification strategy, where each link is
equipped with multiple entanglement pairs, enabling multiple
rounds of purification. Therefore, the strategy must identify the
optimal link for purification, considering the number of rounds
required. As a result, the purification algorithm has a worst-
case time complexity of O(|E|Rqz), Where Ry, denotes
the maximum number of resources on the links. Moreover, the
fidelity of entanglement pairs decays over time. This section
aims to address the challenge of inefficiency in purification
algorithms caused by the decay of fidelity and the number of
purification rounds.

Theorem 1: For the link [(u,v), the improvement in fidelity
gradually diminishes as the number of purification rounds
increases.

Fn+1*Fn<Fn*Fn—1

Theorem 1, the proof of which is provided in
Appendix A, states that for the link I(u,v) the improvement

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 74, 2026

in fidelity gradually diminishes as the number of purification
rounds increases. u

Theorem 1 indicates that purification yields significant
fidelity gains in the initial rounds, but improvements diminish
with further iterations. Motivated by this, we design an adap-
tive purification strategy that adjusts operations to real-time
fidelity requirements and network conditions. The key idea is
to iteratively purify all links in a path p” until the required
fidelity is met or resources are exhausted, thereby optimizing
resource usage and improving efficiency. Specifically, for a
given path pf,, if its fidelity F} ,,, is below the threshold F}"; ,
purification is triggered. An initial round is performed based
on DY (u,v,1), and if F, ,,, remains insufficient, additional
rounds are executed iteratively under D" (u,v,n). Since
overly strict fidelity requirements can result in an excessive
number of purification rounds and wasted resources, it is
essential to estimate an upper bound on the number of rounds
required. This upper bound is provided by Theorem 2.

Theorem 2: For a path pF  with length n and fidelity
threshold F}éhm To simplify notation, let the link I(upy,vy)
be referred to as link [,,, thus the initial fidelities of the links
li,la, ... 1, satisfy F; < Fy < ... < F,. The upper bound
for the number of purification rounds N is given by:

3(1—atarget)
log( =T ) 1

log (F% — 1)

where the per-link target fidelity parameter, cizqrget, is defined

as: 1/
aFth 1\ "
Qtarget = f

Theorem 2, proved in Appendix A, establishes a relationship
between the path length n, the fidelity threshold F}" . and the
upper bound N on the number of purification rounds required
for a given path pF,. ]

b) Implementation of the purification algorithm: To
meet the E2E fidelity requirement, the purification procedure
is performed iteratively and adaptively. The algorithm first
selects the shortest path p¥ from the candidate path set.
It then identifies the optimal link for purification based on
equation (13), using an adaptive strategy to accelerate con-
vergence. During each iteration, the expected fidelity and
corresponding resource consumption are recorded. This pro-
cess continues until either F72F > F{" is satisfied or the
number of purification rounds reaches the theoretical limit N.
The relevant purification data is stored in queue Q for use
in later scheduling. SFTRAP supports heterogeneous fidelity
requirements by assigning each request a specific fidelity
threshold F}" . The purification process is triggered dynami-
cally and adjusted iteratively according to this threshold. This
ensures that each entanglement path satisfies the individual
fidelity requirement. It is important to note that SFTRAP
does not perform actual resource allocation during this phase.
Instead, it conducts a theoretical evaluation based on current
resource availability and the estimated fidelity of path p%, . This
assessment informs the resource allocation decisions carried
out in the subsequent phase.

N =
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(b) The maximum throughput
achieved using the qleap Pur-
ification strategy is 10.
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achieved using the gpath Pur-
ification strategy is 10.
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Fig. 2. Comparing with Different Purification Strategy.

4) Path Cost Update and Throughput Update: The main
goal of the path cost update scheme is to select the path
pk. with the lowest expected resource consumption from the
queue Q and allocate entanglement resources to it. At the same
time, the expected throughput of the path is recorded and the
allocated resources are removed from the network.

Due to potential failures in the purification process, the
actual number of high-fidelity entanglements will be lower
than in the ideal case where all purification operations are
successful. Therefore, for path p’fn, we use the expected
throughput ET}, ,,,(u, v) to evaluate the number of entangle-
ments on link [(u, v), which is given by:

k,m
(u,v)
Npur 1J )

NPuT
k,m

Pairsy m(u,v) =

ETym(u,v) = (u,v) X pairsgm(u,v), (14)

where pairsy ,,(u,v) is the number of purification attempts
available on [(u,v) given the allocated resources rﬁ’f,'z), and
NPUT 4+ 1 reflects the pumping protocol that consumes one
working pair and NP*" ancillary pairs per output. P,é\’[;w (u,v)
denotes the multi-round success probability on I(u,v) and is
computed by equation (3). Additionally, the throughput of the
path p¥ is shown in equation (15):

ETE2E

ke, = min { BTy . (u,v) | (u,v) € E} (15)

Equation (15) shows that the expected throughput of a path
is determined by the expected throughput of the smallest link
on the path. Finally, the path throughput is updated, and the
consumed resources at link /(u,v) on path p¥, are removed,
as shown below:

NPur 1

T ° ETEQE
P (u,v)

Costy,m (u,v) = g (16)

Here, Costy, ,,, (u, v) is the number of resources to be deleted
from each link I(u,v) in the path. Additionally, J:ui%

k,m ?

represents the number of resources that need to be consumed
to obtain high-fidelity entanglements. Resources consumed in
the network are deleted according to equation (16). Finally, we
output the set of paths, the purification scheme, the fidelity of

the paths, and the throughput.

(é) The maximum throughput
achieved using the PU Purifi-
cation strategy is 10.

The routing path of S1-D1 ——The routing path of S2-D2 - - - .Link to perform purification
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Q_ 20,
ST
(d) The maximum throughput
achieved using the SFTRAP

purification strategy is 20.

C. Time Complexity Analysis

Let |E| denote the number of edges; |V|, the number of
nodes; Ry ax, the maximum number of entangled pairs per
edge; and |I™™|, the shortest path length. The computational
complexity of SFTRAP can then be analyzed as follows. In the
first stage, constructing the purification—cost mapping requires
O(|E|Rmax)- In the second stage, path search is performed by
computing up to K candidate paths using a K-shortest-paths
procedure [33]. Under our implementation, the worst-case cost
of a single run is O(K|V|(|E| + |V|log|V])), where the
logarithmic factor originates from Dijkstra’s algorithm with
a priority queue [37]. Since this procedure may iterate up to
|E|—|I™"| times, the total worst-case complexity of this stage
becomes O(|V|? + K|V|(|E| — [I""|)(|E| + |V]log|V])).
In the third stage, fidelity checking and purification decisions
can be completed in O(|E|). Finally, in the fourth stage,
throughput update and resource deletion over K paths take
O(K|E]). Combining all stages, the overall worst-case compu-
tational complexity 7iingle of SFTRAP is O(|E | Rinax + |V |2+
K|V|(|E|—|l™™)(|E|+ |V|log |V]) + K|E|), which can be
approximated asymptotically as:

O(KVIIE|(E] +[V]log|V])).

V. SFTRAP FOR MULTIPLE S-D PAIRS

A. The Design of SFTRAP Under Multiple S-D Pairs
Scenario

Given a quantum network topology G = (V,E) and
multiple S-D pairs of routing requests, our objective is to
identify a routing solution that maximizes network throughput
and meets fidelity requirements. This solution involves both
a routing scheme and a purification scheme. For routing
problems with multiple S-D pairs, we approach them as
combined problems, with each S-D pair treated individually.
If network resources are sufficient, the final solution will be
a combination of these individual S-D pair solutions. The
choice of combination strategy, such as the order in which
resources are allocated to each S-D pair, significantly impacts
the algorithm’s performance. We use two crucial allocation
metrics as decision variables for resource allocation based on
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Algorithm 2 SFTRAP for Multiple S-D Pairs

Input: Network G = (V, E), Request set
Req = {rt,...,r}.
Output: Path set & Pk, Purification schemes
>k Dyt Fidelity set >, FE2E,

Throughput Y,  ET,"2F.

k,m

1 Step 1: Initialization
2 For each 7* € Regq, initialize a priority queue Q*;
3 Initialize a global priority queue @ giopai;

4 Step 2: Routing and Purification Predetermination
5 foreach 7* € Req do
6 Find path-strategy pairs (pF,, Dy') via single-pair

SFTRAP;
7 Push pairs to Q*, ordered by scheduling metric
Uk,m;
8 Push the top element from each non-empty Q to
Qglobal

9 while Qgopq1 is not empty do

10 Step 3: Resource Allocation and Throughput
Update

11 Pop highest-priority pair (p~,, DZ%) from Qgiobais

12 | Calculate throughput ET2F for path pf,;

13 if ET,fan > 1 then

14 Allocate resources for p¥, on graph G;

15 Update output sets P*, DY FF2E ETE2E

16 Remove (p},, D}",) from its local queue QF;

17 if request r* is satisfied then

18 L Clear all entries for ¥ from all queues;

19 Step 4: Re-routing Process

20 Update Qgioba; With the new top element from the
modified queue QF;

21 return Y, P*, 50, DYt NS RERECST,ETENE,

[27], namely degrees of freedom and resource consumption.
Which is illustrated as follows:

Utm = - G (o) + 65 (ol DI
Gn)= >, N

nodes on pk,

Z Costr,m (u,v).

(u,v)€pk,

s (v DE) = a7

The degrees of freedom G (pf,) represent the total freedom
of the path pF,, calculated as the cumulative sum of the adja-
cent node counts for each node along the path. A higher degree
of freedom indicates a greater potential for rerouting. Mean-
while, the resource consumption S gpmeﬁfj;) represents
the entanglement resources consumed by the specific path
pk . Less resource consumption means that more resources
are allocated to other paths. The weighting coefficients «
and (B act as factors to balance the weight of degrees of
freedom and resource consumption. When both « and g are
set to 1, the network achieves optimal throughput [27]. The
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overall workflow for handling multiple requests, including the
priority queue management and iterative resource allocation,
is formally outlined in Algorithm 2.

SFTRAP under the multi-request scenario contains the fol-
lowing steps. First, we use the SFTRAP algorithm to search for
routing paths and purification schemes for multiple requests
rir?...r" These paths and schemes are then stored in
sets Q',@Q?...Q". The problem model is abstracted as the
merging of multiple ordered subsets into a single ordered
subset. Furthermore, we adopt a priority queue approach to
optimize the time complexity.

The steps to achieve this are as follows:

1) Initializing the network: Firstly, we create multiple pri-
ority queues Q', Q... Q" and Q™" to store paths and their
corresponding purification strategies.

2) Predetermine routing and purification: The SFTRAP
algorithm is used to find the routing paths and purification
schemes as solutions for multiple requests 71,72 ... 7", Then
the Uy, of each solution is computed according to equa-
tion (18), and the above solutions are ordered by Uy ., in
Q',Q?...Q". Finally, the solution with the smallest Uy, ,,, is
then moved to Q™.

3) Resource allocation and throughput update: First, we
select the path p’ﬁn with minimum Uy ., from Q™" and
the purification strategy D7, . Next, the link with the least
resources is identified and recorded as pairs’,;’fﬁg on the path
pk., where pairsgm,(u,v) is computed based on equation
(14). Subsequently, the maximum throughput of the path p¥,
is computed based on equation (15). Then, the consumed
resources are removed along the path p¥, if the path p¥, is able
to establish at least one pair of long-distance quantum entan-

glement. Here, min ET,fﬁlE,tpk denotes the minimum of

the path throughput ET,fan and the required throughput ¢py,
for request r¥. Meanwhile, PJZVV;:%% denotes the consumed
resources to establish a pair anhigﬂ-ﬁdelity entanglement on
link {(u, v). If the throughput of path p¥, already satisfies the
request ¥, the path and the purification strategy in Q¥ are
removed. So the resource allocation and throughput are finally
updated.

4) Re-routing process: After updating the resources in the
network, the SFTRAP algorithm is again used to find out if
there are still resources for routing schemes and purification
schemes that satisfy the request, and add it to the relevant

request queue and wait for resources to be allocated to it.

B. Time Complexity Analysis

The computational complexity of Algorithm 2 is analyzed as
follows. The algorithm iterates over n requests ', ..., r". For
each request, Step 2 (routing and adaptive purification) invokes
the single-request procedure with worst-case cost Tgingle (as
derived previously). Step 3 (resource allocation over the paths
found in Step 2) costs O(nK|E|). Step 4 (re-routing) is
executed at most n times; each re-routing may trigger at
most one additional single-request solve, hence its worst-
case cost is O(n Tiingie). Therefore, the overall complexity is
O(nﬂingle + nK|E| + nﬂingle) = O(nningle + nK|E|)
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TABLE I
SIMULATION CONFIGURATION

Configuration Details
CPU Intel i5-13400 2.50 GHz
RAM 16 GB

Windows 10 64-bit

US backbone network [34]
Equal bandwidth for all links
Uniform, denoted as F'(u,v)
N[0.8,0.1], clipped to [0.7, 1.0]
500 ms

Operating System
Simulation Basis

Link Bandwidth

Fidelity (Same Link)
Fidelity (Across Links)
Synchronization time step

Using the previously established bound for a single request,
this yields the final asymptotic bound

O(nK|VI||E|(|E| + [V |log [V])).

VI. PERFORMANCE EVALUATION
A. Experimental Environment

The simulations are based on the U.S. backbone network
topology [34], comprising 39 nodes and 121 links. To adapt
it to a quantum network context, we introduce inter-link
heterogeneity by sampling the initial fidelity of each link
from a Gaussian distribution N (0.8,0.1), assigning different
fidelities to different links to reflect their heterogeneity, while
entangled pairs on the same link share the same fidelity value
due to device consistency. To ensure validity, any sampled
fidelity value outside the range [0.7, 1.0] is discarded and
resampled until it falls within this range. The baseline link
capacity, defined as the number of entangled pairs generated
per time window At, is 50, and each node has 200 quan-
tum memory units. For all algorithms, the K value in the
K-shortest path search is fixed at 20, and identical random
seeds are used to generate the same source—destination request
sets and link fidelities across 1000 runs. Simulations proceed
in discrete time slots, where each slot corresponds to a
500 ms synchronized step coordinated by a centralized con-
troller, and terminate when no further entanglement resources
can be allocated. The selection rule for equal-cost paths or
requests is deterministic: the lower-indexed source is selected
first. For fairness, NSPS, which lacks a purification mecha-
nism, is augmented with gleap’s per-link target strategy: the
E2E fidelity threshold is mapped to uniform per-link targets,
and each link is purified until its target is met. Additional
configuration details are summarized in Table II, and all results
are averaged over 1000 independent runs to ensure statistical
reliability.

B. Benchmarks

To comprehensively evaluate the performance of the pro-
posed SFTRAP algorithm, we compare it against four
benchmark methods: gpath, gleap [27], PU [26], and NSPS
[32]. Table III provides a comparison of these algorithms,
focusing on purification strategies, resource awareness, and
time complexity. It also summarizes their respective advan-
tages, limitations, and design trade-offs. The relevant variable
definitions are as follows: N denotes the number of requests,
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Fig. 3. Impact of different weight coefficients on throughput (fidelity threshold
= 0.7, channel capacity = 50, node capacity = 200, the performance of gpath
[27] is used as the 100% normalization baseline).

K denotes the number of paths considered for each request,
and e denotes the approximation accuracy factor. In terms
of time complexity, gpath exhibits the highest complex-
ity, falling into the high-order polynomial category. gleap
demonstrates the lowest complexity, achieving near-linear
scalability. PU shows polynomial complexity. SFTRAP has
high-order polynomial complexity as well, but with adap-
tive characteristics. NSPS also operates within polynomial
time complexity as an approximation scheme. Notably,
SFTRAP’s dynamic purification mechanism introduces some
variability in connection establishment time. However, it
enables flexible adaptation to heterogeneous link qualities
and diverse application demands. In contrast, fixed-round
approaches often struggle to accommodate these variations
efficiently. Additionally, SFTRAP’s resource awareness pre-
vents overburdening congested links, which improves load
balancing.

C. Results Under Different Weight Parameters

We conducted 1000 simulation experiments to evaluate the
influence of different weight coefficient on the throughput
performance. The results are shown in Figure 3.

When a = 1, b = ¢ = 0, the purification strategy described
above is consistent with the gqpath [27], (i.e., selecting the
link with the largest improvement in E2E fidelity to purify.)
In this configuration, the achieved throughput is 50.818. To
further analyze the impact of weight parameters on throughput,
we conducted experiments and compared the results with
the baseline of gpath. The normalized throughput values, as
shown in this figure, demonstrate the influence of varying
parameter settings. When considering link reuse in isolation,
the throughput achieves 92%. Similarly, considering only the
available resources on links results in a throughput of 97%.
These results indicate that neither factor alone will lead to
superior performance. However, when a =b = 0.2 and ¢ = 0.6,
or when a = b = 0.3 and ¢ = 0.4, the normalized throughput
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TABL

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 74, 2026

E III

COMPARATIVE ANALYSIS OF ENTANGLEMENT ROUTING ALGORITHMS

Feature

qpath [27]

qleap[27]

PU[26]

SFTRAP

NSPS[32]

Core Purification Strategy

Iterative greedy;
max E2E fidelity
gain.

Sets average per-
link fidelity target;
purifies links
individually to
meet target.

Static global pre-
purify based on
a fixed fidelity
threshold.

Dynamic adaptive;
balances fidelity
gain, available
resources, and link
reuse.

Combining qgleap’s
purification strategy
with an all-optical
switching node bypass
mechanism.

No (Ignores

No (Ignores

Yes (Explicitly

No (Static pre- considers No (Ignores resources
Resources Awareness resources and resources and g - .
- . purify; inefficient).  resources and and congestion).
congestion). congestion). .
congestion).
O(|E|Rmaz - -
. . K|V||E| + O(N(|V]|logy |V|+ O(JE|-N - K - O(K|V||E|(|E|+ O(VI?R2,,. +
T C lexit ( 2 ‘max
tme Lomplexily ‘V|2 10g2 ‘VI + |E|)+ ‘E|Rmaa:) mazx ‘V|10g2lv‘)) |V‘R"““”/E)
K|E|Rmaz))

Optimal single-

Low complexity;

Balances fidelity
with throughput;

Maximizes success

Advantages ath cost; potential . . uses global info. . ..
& P P simple logic. & avoids bottlenecks;  probability.
high throughput. -
efficient.
High complexity; Suboptimal: lower Inefficient pre- High theoretical
Disadvantages resource-blind throuph ut ’ purify; high complexity; needs Approximate solution
bottlenecks. ghput. complexity. parameters tuning.
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Impact of fidelity threshold on key performance metrics. Compares algorithms based on (a) throughput, (b) average E2E fidelity, (c) network

resource utilization, and (d) running time. Increasing fidelity demands generally reduces throughput due to higher purification costs, but SFTRAP consistently
demonstrates a superior balance across all metrics, maintaining efficiency and higher throughput compared to benchmarks.

reaches 116%, highlighting the superior performance of our
purification strategy. Therefore, for all other experiments, we
used the weight values a = 0.2, b = 0.2, and ¢ = 0.6, as they
showed optimal performance in our sensitivity analysis.

D. Results Under Single S-D Pair Scenarios

1) Performance Comparison vs. Fidelity Threshold: As
reported in [27], the channel capacity is 50, each node supports
up to 200 quantum memories and the time slot is 500 ms. The
“Network Resource Utilization” metric is defined as the ratio
of the total entanglement resources consumed by all successful
paths to the total resources generated across the entire network
over the time slot. Figure 4 shows that throughput decreases
for all algorithms as the fidelity threshold rises, since fewer
entanglements meet the requirement and purification consumes
more resources. Among all algorithms, SFTRAP consistently
achieves the highest throughput by dynamically selecting
purification links based on fidelity gain, resource availability,
and link multiplexing, ensuring efficient resource allocation.
In contrast, PU’s static pre-purification wastes resources and
yields the lowest throughput. NSPS, though adopting qleap’s

purification method, prioritizes success probability via opti-
cal switching and optimized paths, resulting in throughput
only slightly higher than PU. In terms of fidelity, qleap
performs best by converting the E2E threshold into per-link
targets, enabling precise purification and surplus fidelity. NSPS
achieves comparable performance due to its similar strategy.
When the threshold is below 0.7, SFTRAP shows slightly
lower fidelity than gpath, since qpath prioritizes links with
the greatest fidelity improvement. Nevertheless, all algorithms
consistently satisfy the required threshold.

Regarding resource utilization, PU maintains 33-45% uti-
lization but drops sharply at a threshold of 0.8 due to path
selection difficulties. SFTRAP achieves higher utilization than
gpath and gleap, as its adaptive purification supports more E2E
paths, improving throughput and efficiency. NSPS shows the
lowest utilization, constrained by its success-probability-driven
design and limited node memory. Execution time further
distinguishes the algorithms: gpath requires multiple rounds
as thresholds increase, leading to sharp growth in delay, while
SFTRAP adapts rounds dynamically with an upper bound,
ensuring efficiency. qleap, though efficient per link, sacrifices
throughput due to excessive purification.
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2) Performance Comparison vs. Channel Capacity: The
link capacity, defined as the number of entanglements gen-
erated per time step At, is calculated by v(u,v)q(u,v)At.
The fidelity threshold is set to 0.7, each node has 200 quantum
memories, and the time slot is 500 ms. In Figure 5, throughput
increases linearly with link capacity initially. At a link capacity
of 10, the throughput for SFTRAP, gpath, gleap, PU and
NSPS is 16.0, 14.3, 12.0, 2.6 and 10.2, respectively. As link
capacity grows, the disparity among algorithms widens. At a
link capacity of 40, throughput for SFTRAP, gpath, gleap, PU
and NSPS reaches 68.2, 58.3, 50.0, 11.9 and 31.5, respectively,
demonstrating SFTRAP’s superior performance in resource-
rich environments. Beyond this point, throughput plateaus
due to quantum memory limitations. With a fidelity threshold

of 0.7, the achieved fidelity for qleap, PU, gqpath, SFTRAP
and NSPS is approximately 0.85, 0.784, 0.745, 0.742 and
0.842, respectively. All algorithms meet the specified fidelity
requirement. PU exhibits high resource utilization (0.452)
due to significant pre-purification costs. For other algorithms,
resource utilization rises from 0.03 at a link capacity of
10 to 0.1 at 40, as increased capacity allows for successful
purification. Utilization plateaus beyond a capacity of 40,
constrained by quantum memory bottlenecks.

3) Performance Comparison vs. Node Capacity: The node
capacity refers to the size of the quantum memories in each
node, with the capacity of each link set to 50. In Figure 6 (a),
when the node capacity is 50 and the fidelity threshold is set to
0.7, the throughput for SFTRAP, gpath, gleap, PU and NSPS is
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16.8, 14.5, 12.9, 1.9 and 7.3, respectively. As the node capacity
increases, the throughput of all five algorithms rises, with the
differences becoming more pronounced. For instance, when
the node capacity reaches 140, the throughput for SFTRAP,
gpath, qleap, PU and NSPS is 51.8, 43.5, 38.4, 10.7 and
33.1, respectively. Notably, when the node capacity exceeds
140, link capacity becomes the bottleneck affecting overall
network performance. In Figure 6 (b), the qgleap algorithm
maintains the highest fidelity, with the fidelity of PU, gpath,
SFTRAP and NSPS at approximately 0.783, 0.744, 0.740 and
0.841, respectively. Importantly, all five algorithms meet the
fidelity requirement. In Figure 6 (c), the resource utilization of
PU reaches 0.452 and remains relatively constant, suggesting
its performance is not primarily limited by node memory in
this range. In contrast, the other four algorithms (SFTRAP,
gpath, gleap and NSPS) show gradual improvement in resource
utilization as node capacity increases. For example, at a node
capacity of 50, the resource utilization of the four algorithms
is approximately 4%. As the node capacity increases to 140,
their resource utilization approaches 12%. This trend reflects
their ability to establish more concurrent E2E entanglements
by utilizing the larger available node memories, until the fixed
link capacity limits further growth in utilization.

E. Results Under Multiple S-D Pairs Scenario

In this section, we have conducted simulation experiments
to compare the performance of the SFTRAP, gpath, and gleap

algorithms in handling multi-request scenarios. According to
[27], the weighting coefficients o and # must be normalized,
wher.e o= ﬁ and 8 = W{;ﬁ’m, where Cepanner TEpresents
the link capacity and the utility measures of o* and * are
both 0.5.

1) Performance Comparison vs. Fidelity Threshold: As
shown in Figure 9, with a link capacity of 50, node capacity
of 200, time slot of 500 ms and 4 requests. The throughput
of SFTRAP, gpath, gleap, PU, and NSPS decreases as the
fidelity threshold increases due to the reduced availability
of high-quality entanglement paths and increased resource
consumption for purification. Despite this, SFTRAP achieves
the highest throughput. In Figure 7 (b), gleap, PU, and
NSPS achieve higher fidelity compared to SFTRAP and gpath,
though all algorithms maintain fidelity above the threshold.
Figure 7 (c) indicates that PU exhibits the highest resource
utilization, while SFTRAP, gpath, qleap and NSPS show
similar levels of utilization. Figure 7 (d) demonstrates that
gpath’s purification strategy results in deep purification, caus-
ing its runtime to increase exponentially as fidelity thresholds
rise. Although NSPS incurs additional computational overhead
from auxiliary graph construction and approximation schemes,
it still achieves superior execution efficiency compared to
gpath. In contrast, SFTRAP employs an adaptive strategy that
limits the number of purification rounds, ensuring a stable
runtime. While gleap’s exhaustive link purification maximizes
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SFTRAP sustains significantly higher total throughput as network load increases, handling resource contention more effectively than benchmarks.

efficiency, it results in the lower throughput and resource
utilization.

2) Performance Comparison vs. Channel Capacity: In
Figure 8, with a fidelity threshold of 0.7, node capacity of
200, and 4 requests, throughput increases linearly with link
capacity initially, as more entanglement resources become
available per link. At a link capacity of 10, the throughput
for SFTRAP, gpath, gleap, PU and NSPS is 39.9, 38.6, 38.2,
3.4 and 23.2, respectively. At a link capacity of 40, through-
put reaches 168.4, 154.1, 141.3, 57.8 and 87.6, respectively,
highlighting SFTRAP’s superior performance and scalability
in resource-abundant scenarios. This demonstrates SFTRAP’s
effective resource management in leveraging increased link
capacity to support higher aggregate throughput for mul-
tiple requests. Beyond this point, throughput plateaus due
to quantum memory constraints. In Figure 8 (b), qleap
achieves the highest fidelity (i.e., 0.85), while PU, qgpath,
SFTRAP and NSPS achieve fidelities of 0.784, 0.752, 0.742
and 0.830, respectively, meeting the threshold. Figure 8 (c)
shows that PU’s resource utilization peaks at 0.453, while
the other algorithms’ utilization gradually increases with link
capacity, plateauing beyond 40 due to quantum memory
limitations.

3) Performance Comparison vs. Node Capacity: In
Figure 9, we set the fidelity threshold to 0.7, the link capacity
to 50, and the number of requests to 4. In Figure 9 (a), with a
node capacity of 50, the throughput of SFTRAP, gpath, qgleap,
PU and NSPS is 42.1, 41.7, 39.6, 3.4 and 19.7, respectively. As
the node capacity increases, the throughput of all algorithms
rises, with differences becoming more pronounced. For exam-
ple, at a node capacity of 140, the throughput for SFTRAP,
gpath, gleap, PU and NSPS is 137.3, 128.7, 116.3, 41.6 and
86.5, respectively. Beyond this point, link capacity becomes
the primary bottleneck. In Figure 9 (b), gleap, NSPS and
PU achieve high fidelity, while gpath and SFTRAP maintain
similar fidelity levels. Again, achieved fidelity per path remains
relatively stable despite varying node capacity. All algorithms
meet the fidelity requirement. In Figure 9 (c), PU achieves
a resource utilization of approximately 0.453, showing lit-
tle dependence on node capacity in this range. The other
algorithms exhibit increasing resource utilization with higher
node capacities, rising from 7% at 50 to nearly 20% at 140.

This increase reflects the successful establishment of a higher
volume of E2E entanglements across the network enabled
by larger node memories, until link capacity constraints limit
further utilization growth.

4) Performance Comparison vs. Number of Requests: In
Figure 10, we establish the fidelity threshold at 0.7, the link
capacity at 50, and the node capacity at 200. In Figure 10 (a),
total network throughput generally increases as the number
of concurrent requests grows for all algorithms, but with a
widening performance gap. SFTRAP consistently achieves
significantly higher throughput, demonstrating its superior
ability to manage resource contention and allocate resources
effectively under increasing network load. Notably, the rate
of throughput increase as more requests are added, indicating
approaching network resource saturation. In Figure 10 (b),
the achieved fidelity remains relatively stable and above the
required threshold for all algorithms, even as the network
load increases. In Figure 10 (c), PU’s resource utilization
remains relatively flat, while utilization for SFTRAP, gpath,
gleap and NSPS progressively increases with the number of
requests, reflecting greater overall network usage. Crucially,
SFTRAP converts this increased utilization into substantially
higher throughput (Fig 10(a)), highlighting its better efficiency
in successfully establishing E2E paths under heavier load
conditions.

VII. CONCLUSION

This paper proposes SFTRAP, a joint routing and purifica-
tion scheme designed to address core challenges in quantum
networks, including long-distance entanglement establishment,
E2E fidelity assurance, and reduced computational complexity.
SFTRAP employs the K-shortest path algorithm to identify
multiple candidate paths for each request, aiming to max-
imize overall throughput. It jointly optimizes routing and
purification to satisfy fidelity requirements while minimiz-
ing throughput degradation caused by purification. Moreover,
SFTRAP introduces an adaptive purification mechanism that
dynamically adjusts the number of purification rounds based
on real-time fidelity demands, thereby improving decision-
making efficiency. Future work will focus on modeling the
decoherence process to more precisely capture the tempo-
ral evolution of fidelity in quantum channels and quantum
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memories. Building on this foundation, we aim to design fair
and robust routing algorithms capable of operating effectively
in dynamically changing, decoherence-dominated quantum
environments. Meanwhile, we plan to develop more efficient,
batch-wise, and adaptive path search heuristics to enhance
scalability.

APPENDIX A
PROOF OF THEOREM 1

Proof: We assume that the initial fidelity of all entangle-
ments on the link (u, v) are F, where F' € [0.5, 1]. The fidelity

after the 1-th and (n + 1)-th round of purification is denoted

! .
by Fi = ﬁ , Fpq = W respectively.

Inverting the above equation, we get:

Lo (L) (L
Fn+1_ F Fn

The equation can be rearranged as follows:

(ri )= ) ()

When 7 = 0, we have = — 1 = (% —1)°, which implies

1= (F- 1)n+1. Rearranging the equation further, we
get:

1
(-0

Next, let’s assume b = + — 1, where b € [0, 1]. Substituting
this into the equation, we have:

F, =

1
F,=——
brtl 41
According to the above equation, we can derive:
Fopi—F, b(O"+1)

F,—F,_; bt241

b(b" +1 b—1)(1—pntt
Gren) | b-n-pty
b2+ 1 brt2 +1
Therefore, we finally conclude that F,, 1 —F,, < F,—F,,_;.
This completes the proof. ]

Proof of Theorem 2 Our goal is to find a conservative upper
bound for the number of purification rounds, N, required for
an m-link path to meet an E2E fidelity threshold, F, ,ﬁhm. We
assume F7 is the lowest initial fidelity on the path. 7

The condition to be satisfied is F,fan > F ,ﬁhm.
Using the Werner-state swapping model, this becomes i +

STI, al(-N) > F,zhm which simplifies to []}", aEN) > aun,
where oY) = (4F™ —1)/3 and ay, = (4F}", — 1)/3.

To find a conservative bound, we solve the stricter inequality
for the worst-performing link, whose fidelity improvement is

the slowest: m
(aﬁN)) > Qup

This yields the required performance for the worst link, which
we define as the per-link target, csqrges:

N 1
Oé(l ) Z (ath) /m = CQtarget
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(N)

The term o3’ can be expressed in terms of N and the

N+1
(N) _ 3=t

initial fidelity F} as oy where b; = % — 1.

To3(4by T’ F
Substituting this into the target inequality and solving for N
yields:

PN+ < 3(1 — cvarget)
-1 + 3atarget

Taking the logarithm of both sides and noting that log(b,) is
negative (since F; > 0.5), we must reverse the inequality sign:

3(1—ctarget) )

1+3atarget
log(b1)

Since the number of rounds N must be an integer, we take the
ceiling of the result to find the smallest integer that satisfies
the condition. The required number of purification rounds is

log(
N+12>

therefore: x )
lo (3 l—atarget )
N _ ) 1+3ata7‘get 1
1
log ( r 1)
1
argh, -1\ "
where Qiarget = | —3—
This completes the re-derivation. ]
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